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ABSTRACT. Let Bn(m) be a set picked uniformly at random among all m-
elements subsets of {1,2,...,n}. We provide a pathwise construction of the
collection (Brn(m))1<m<n and prove that the logarithm of the least common
multiple of the integers in (By(|mt]))¢>0, properly centered and normalized,
converges to a Brownian motion when both m,n tend to infinity. Our ap-
proach consists of two steps. First, we show that the aforementioned result is
a consequence of a multidimensional central limit theorem for the logarithm
of the least common multiple of m independent random variables having uni-
form distribution on {1,2,...,n}. Second, we offer a novel approximation of
the least common multiple of a random sample by the product of the elements

of the sample with neglected multiplicities in their prime decompositions.

1. INTRODUCTION

The analysis of divisibility properties of random integers is a classical problem
in the probabilistic number theory going back to pioneer works by Dirichlet [13]
and Cesaro [9, 10, 11]. Among other results, Cesaro in [11] has proved that the
expected least common multiple (Icm) of two integers picked uniformly at random
from the set [n] := {1,2,...,n} is asymptotically, as n — oo, equal to their product
multiplied by the constant (3)/{(2), where ( is the Riemann zeta function. In the
modern probabilistic language, this result can be stated as

lem(U{", U;") 1 ¢(3)

(1) lim E| ——————~—= ] = lim E =
n—oo Ul(”)UQ(n) n— o0 ng(Ul(n), 2(”)) ¢(2)

3

where U 1("), Uz(n) are independent copies of a random variable U(™) with distribution
(2) P{U™ =k} =1/n, keln],

and gcd denotes the greatest common divisor.
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There are various ways to generalize (1) and some of them have received attention
in probabilistic as well as number theoretic literature. For example, one can ask
about the asymptotic distribution (instead of the asymptotic average) of sequences
of random variables

<1cm(U1">, uim, ..., U,S;”)) o <lcm(U1(n), uim, ..., 5:”))
Uln)UQ(’ﬂ) T(nn) e nm neN

where m € N is a fixed integer. This problem has been solved in [8], see also [18],
by showing that both fractions converge in distribution to proper random variables,
see Eq. (15) and (16) in [8] and also Proposition 3.3 below. Another way towards

1(n)7 g(n)w-.,Ufgf)} by a more

generalization of (1) is to replace the random set {U
sophisticated (and/or with cardinality depending on n) random subset of [n]. In
[12] the following model has been proposed: fix § € (0,1), remove every element
j € [n], independently of the other elements, with probability 1 — 6 and denote
the remaining subset by A,(#). This model has been intensively analyzed in [1],
see also [21], where the authors proved various limit theorems, including a strong
law of large numbers for L, (6) := loglem(A,(0)), functional limit theorems for the
process (Ln¢|(0))tcjo, 1) and Poisson limit theorems when 6 = 6,, is either close to
zero or one. A nice survey of the recent results in the field can be found in [16].

Another class of examples is related to the theory of random permutations. Let
S,, be the symmetric group of all permutations of [n]. If ¢ € &, is a random
permutation picked according to some probability distribution on &,,, then the
collection of cycle lengths of ¢ is a random subset of [n] and its least common
multiple is equal to the order ord(c) of the permutation o. This object has been
studied for Ewens’ permutations (including the case of the uniform distribution on
S,), see [4], and also for more general probability measures on &,,, see [17, 22]. For
example, the famous Erdds—Turdn law [15] states that logord(o) is asymptotically
normal, as n — oo, if ¢ is picked uniformly at random from &,,.

In the present paper we investigate another model of choosing a random subset
of [n]. Let B,(m) be a subset chosen uniformly at random among all subsets of
[n] containing exactly m elements. To the best of our knowledge, the asymptotic
behavior of loglem(B, (m)) has only been (partly) investigated in [12]. Theorem
1.2 therein states that for m = m,, < n,

1 —m/n)loglecm(B,(m
( {n)log?n/m() A n%?o L

where —— denotes convergence in probability. The purpose of our work is to shed
n— oo
more light on this model. We provide here an explicit pathwise construction of the

whole random collection (B, (m))1<m<n and then prove new limit theorems for the
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properly normalized sequence of stochastic processes

(toglem(B, (Ltm))))

>0

assuming that m = o(n) and m,n — oo (Theorem 3.5). As an important ingredient

of our approach we also derive limit theorems for accompanying random processes
(n) (n)
<loglcm(U1 ""’ULmtJ)>t>0’

where (U;"))j;l is a sequence of independent copies of a random variable U
with distribution (2), and both m,n — oo (Theorem 3.6). The case of fixed m
follows essentially from the aforementioned results proved in [8], however the case
when m,, — oo requires a completely different and novel approach, whilst existing
techniques fail for this problem.

The paper has the following structure. In Section 2 we provide an explicit
construction of the collection (B, (m))1<ms<n and relate it to the classical coupon
collector problem. Section 2 culminates with formula (4), which defines all B,,(m),
1 < m < n on the same probability space via the accompanying sequence (U J(n)) j>1
and an appropriate sequence of stopping times (T(”) (m))m>1. The main results are
presented in Subsections 3.1 (Proposition 3.3 and Theorem 3.4) and 3.2 (Theo-
rems 3.5 and 3.6). Our strategy of the proof of the main results is discussed in Sub-
section 3.3. In Section 4 some elementary facts about the sequence (7™ (m));m>1,
used later in the proofs, are collected. The proofs of Theorems 3.5 and 3.6 are
scattered across Sections 5, 6 and 7. The proof of Proposition 3.3 is given in the

Appendix.

2. EXPLICIT CONSTRUCTION OF (B (m))i<ms<n

M=

Let (U ](n)) jen be a sequence of independent copies of a random variable U™
with the uniform distribution on [n], that is, the distribution given by (2). For
neN, 1 <m < n, put

7™ (m) := inf{j € N : there are exactly m different values among

v, UM, oy

Note that P{m < 7(")(m) < oo} = 1. The variable 7(")(m) can be interpreted in
terms of the well-known coupon collector problem. Assume that there are infinitely
many coupons and that each coupon has one of n different types. Then 7(")(m)
is the number of coupons a collector needs to buy in order to have coupons of

exactly m different types. In particular, T(”)(n) is the number of purchases needed
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to acquire the entire collection. We put 7" (0) := 0 and 7" (m) := 7(")(n) for
m > n.

The following representation is immediate. For ¢ = 1,...,n, let X;, be the
number of purchases needed to buy a coupon of a new type given that the number
of different types in the current collection is ¢ — 1. It is straightforward to check

that the variables (X; )i=1,....» are mutually independent and
NIt 1
P{X’L,n:j}: (l > <1_7/ >7 jGN,
n n

(3) T m) = X+ Xo 4o+ X, 1<m <

Furthermore,

We have the following result.

Lemma 2.1. For every fired 1 < m < n, the random set

} _ {U ) U(") U(”)

{Ul(n)yUQ(n); U(n (77)(2)

() (m)

) o)
is uniformly distributed among all subsets of [n] containing exactly m elements.

Proof. 1t is enough to show that
p{{U™ U™ b= {b,b bdt=1/("), 1<m<n
r(m) (1) Y rm(2)7 7.(n) - 1,925..-,Um - m 5 X x -

for every fixed set {b1,ba,...,bn} C [n] of pairwise distinct integers. We argue by
induction on m. For m = 1, the claim is obvious because T(”)(l) = 1 by definition.
We have, for 2 < m < n,

P{{U (n)(1)° U,,(_?vg)( U7(-?(173)(m } = {bh b27 ) bm}}
ZP{Uf—?n)(m) - b |U (n)(1)7 Uf.zz)(g): . Uf.:lr?)(m 1) - {bla b27 R} bWL} \ {b]}}

x PLUS) U, o UL oy = (b1 b, bk \ {053

The first probability under the sum is equal to (n — m + 1)~! and the second
probability, by the induction assumption, is (mn_l)fl. Therefore,

n n) (n)
P{{U((n)(l)v U,i(n)(Q)? LR U.,-(n)(m)} = {b17 b27 cee 7bm}}

() el () ()

as wanted. O
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The explicit construction in Lemma 2.1 allows us to construct the whole collec-
tion (Bp(m))1<m<n In a consistent way from the sequence (U]("))jeN. Thus, from

now on we redefine the sets B, (m) by putting
(4) Bu(m) = {U{", 05", .U Y, 1<m <,

Now we can speak about the distribution of (B, (), By (j)), ¢ # j and more generally
m

about finite-dimensional distributions of the collection (By,(m))1<ms<n.

IMx

3. LIMIT THEOREMS FOR THE LEAST COMMON MULTIPLE OF B, (m)

Denote by P the set of prime numbers. Also, let A\,(n) denote the multiplicity

of a prime number p € P in the unique decomposition of n € N into prime factors,

that is,
n = H pAp(n).

In what follows we tacitly assume that all products and sums with indices p, ¢, r, s
only extend over prime numbers. We also stipulate that “const” is a constant whose
value is of no importance and may change from one appearance to another. Also,

all unspecified limit relations are assumed to hold as n — oc.

3.1. The case of fixed m. Let ((Gx(2),Gx(3),Gk(5),...))ren be a sequence of
independent copies of an infinite vector (G(2),G(3),G(5),...) with mutually inde-

pendent coordinates having a geometric distribution
(5) P{G(p) 2 jt=p7, jE€Ny, peP.

The importance of these geometric variables stems from the following lemma which
has a long history, see, for instance, [20, Formulas (2.5)-(2.7)] and [5], and is pre-
sented here in the form borrowed from [8].

The distribution given in (2) is a discrete uniform distribution. We recall that
there also exists a continuous uniform distribution p, say on [0,1] defined by
p(dx) = Lgqy(z)de. We shall write 4% and - to denote convergence in

n—oo n—oo
distribution in R*® endowed with the product topology and in R, respectively.

Lemma 3.1. Let

n D)
o™ = I p @
pEP

be the decomposition of U™ with distribution (2) into prime factors. Then
(i)
n d,co .
MU ™) ep 25 (90))
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(i)
(n U, (@), ) 23 (0G0 e )

n—00

with U being uniformly distributed on [0,1] and independent of (G(p))
(iii) for p,q € P, p # q and ky, k, € Ny,

pGP;

P{)‘p(U(n)) = kp, /\q(U(n)) =kep=(1- p_l)(l - q_l)p_kpq_kq + O(n_l),
where the constant in the O-term does not depend on (p,q, kp, kq)-
With the help of this lemma the following result has been proved in [8].

Proposition 3.2 (Formula (16) in [8]). For every fized m € N,

log lcm(Ul(n), Uzn)7 UM™Y —mlogn

S log; + Y logp - (max Gulp) 0 Gulo)).
Jj=1 P SR k=1

where (Uj)j=1,...m are independent random variables with the uniform distribution

on [0, 1] which are also independent of (Gr(p))ken,pep-

Using the same techniques as in [8] Proposition 3.2 can be strengthened as fol-

lows.

Proposition 3.3.

(log lem(U™, U™, ... UM) - mlogn) .
me

m m
a8 (Zlong+Zlogp- (1g;€a<xmgk<p>—29k@>)) eN’

where (Uj)j>1 are independent random variables with the uniform distribution on

[0, 1] which are also independent of (Gr(p))keN,pep-

We shall give a short proof of Proposition 3.3 in the Appendix. Since, for every
fixed m,

lim P{r™(m) = m} =1,

n—oo

see formula (12) below, Proposition 3.3 immediately yields the following.

Theorem 3.4.

(togtem (B, (m) ~mlogn)

n(L?OEC (Zlog Uj+ ) logp- (lg}cag(mgk(p) - ng(P)))
j=1 P U k=1

mEN
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3.2. The case m = m,, — co and m,, = o(n). Theorem 3.4 dealing with the case
of fixed m follows, for the most part, from the previously known results. The case
m, — 00 turns out to be more intriguing and requires a different approach.

As usual, we write (Z,(t))i>0 Zi—’i (Z(t))t>0 to denote weak convergence of
finite-dimensional distributions, that is, for any ¥ € N and any 0 < t; < t2 <
cee <t < 00, (Zp(t1), ..., Zn(ty)) converges in distribution to (Z(t1), ..., Z(tx))
as n — oo. For every fixed n € N and y > 0, put

(6) cn(y) == logp(1— (1 —n""[n/p])¥).

psn
We distinguish two cases:

(A) m,, < n'/? for all sufficiently large n and lim,,_, o m, = oo;

(B) m,, > n'/? for all sufficiently large n and m,, = o(n) as n — occ.

Here is our first main result.

Theorem 3.5. Let (B(t))i>0 be a standard Brownian motion.
(i) If (A) holds, then

<1og lem (B, (|mnt])) — cn(|mnt])
Vv 2= Im,, logm,

(ii) If (B) holds and m,, = O(n(logn)~1), then

loglem(B,, (|mnt])) — cn(—nlog(l — (myt)/n)) rdd.
V27 1m,,(log n — logmy,)(3logm,, — logn) =0

) (B},
t>=0

Put
Y, (m) = loglcm(Ul(n), 2(n), UMy, 1<m<n

and note that

(7) loglem(By([mnt]))) = loglem(U{",U§™,... . UL, )

=Y, (r™(|mat])), t=0.

We deduce Theorem 3.5 from the following result, a counterpart of Proposition 3.3

for diverging m,,, which is interesting on its own.

Theorem 3.6. Let (B(t))i>0 be a standard Brownian motion.
(i) If (A) holds, then

Y, ([mnt]) — ca([mnt]) f.d.d.
( V2 T log mn ) s
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(i) If (B) holds, then

Yo ([mnt]) — ca(lmat]) f.dd.
V27 1m,,(log n — logmy,)(3logm,, — logn) oo T

(B(t))e=o0-

Remark 3.7. A natural question arising upon looking at Theorems 3.5 and 3.6 is
whether the stated convergence of finite-dimensional distributions can be improved
to a functional convergence, for instance, in the Skorokhod space endowed with the
standard Ji-topology, see Chapter 3 in [6]. Although we strongly believe that this
is true, our approach seems to be insufficient for proving this. More details on this

point will be given at the end of the Appendix.

3.3. Strategy of proof of Theorem 3.6. For some samples {c(ln), .. ,cgffi} of

random integers taking values in [n] the logarithm of the least common multiple

(8) log lcm({cgn)7 e ,cSﬁZ}) = ; logp | Dnax )\p(c,(cn))
pxn

). For instance, this is known to be the

may be well-approximated by log [T, cﬁcn
case when {c(ln) 07(712} are the cycle lengths (with m,, being the total number

of cycles) of a wide class of random permutations including Ewens’ permutations,

see [17, 22]. Intuitively, such an approximation is successful provided that ‘most’ of
(n) (n)

the values among ¢; ;. .., ¢, are distinct and ‘most’ of the positive multiplicities
)\p(c,(fn)), pe P, k=1,...,m, are ones. Of course, many samples do not enjoy

these properties and particularly neither do {Ul("), ey Ugl)} that we are focused
on.

Roughly speaking, the previous approximation argument is based on compari-
son of maxi<k<m, )\p(cé")) and > )\p(c,(cn)). However, it seems that in many

cases Maxigk<mn, )\p(cén)) should be closer to >, rather than to

Loz
S )\p(c,i") ), and our strategy is to exploit this line of reasoning. We shall show

in Lemma 6.1 that Y,,(|m,t]) = log lcm(Ul(n), ce UEZL)”H) is well-approximated by

Zpgn logp ]l{maxl<k<m o AU 21y Furthermore, we shall prove in Lemmas 6.2

and 6.3, respectively, that ‘small’ primes p < m,, do not give significant contribu-

tion to Y, (|mnt]) and that in the range of ‘large’ primes p > m,, the indicators

[mnt] 1

can be safely replaced by >/} Summa-

1 " n .
{max; < {mpt) Ap(U)21} p(U) =1}

rizing, we are going to approximate Y;,(|myt]) by

\_mntJ I.mntJ

Z logp Z Lo wmys1y = Z Z logp 1\ wim)s1y
k=1

my <psn k=1 m,<p<n
which is the sum of independent random variables. A limit theorem for the approx-

imating processes is given in Lemma 6.5.
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We close this section by a discussion of inefficiency of a tempting alternative
approach. A specialization of formula (8) reads
Y, (|mnt]) = Z logp max /\p(U,in)), t>0.

1<k | mnt]
p<n

As far as a proof of Theorem 3.6 is concerned, a naive idea justified in part by

Lemma 3.1 is to replace the terms A, (U, ,in)) with their limits Gi(p) and to approx-

~

imate (Y., ([mnt]))i=0 by (Yn(lmnt]))i=0, where

9 Yollmat]) =Y 1 . t>0.
9) (lmnt]) ;nglgkﬁ?ﬁm Gr(p)

The right-hand side is the sum of independent random variables which ensures that
the analysis of Y, (|mnt]) is simple. It turns out that unless logn/logm, — 1,
that is, m,, is rather close to n, this intuition is wrong in a sense that the limit
relation in Theorem 3.6 does not hold with Y,, replaced by }A/n. The details can
be found in Proposition 8.1 given in the Appendix. This is an unexpected and
peculiar phenomenon because most of the known results in probabilistic number
theory involving discrete uniform random variables can be proved using the formal
substitution \,(U™) ~— G(p). The list includes:

(i) the Hardy-Ramanujan central limit theorem for the number of prime divi-
SoTS;
(ii) the Erdés—Kac central limit theorem for strongly additive functions [14];
(iii) the functional central limit theorem for the counts of prime factors [5];
(iv) the Kubilius theorems on convergence to infinitely divisible laws [20, Section
5);
(v) Proposition 3.3 of the present paper.
A detailed discussion, proofs and further examples can be found in [2] and in Section
1.2 of [3]. In particular, an optimal coupling between (\,(U™),ep and (G(p))pep
is constructed in [2]. A partial explanation of the inefficiency of this approach in
our situation is that the cumulative error caused by replacing A, (U, ,En)) by Gr(p),
k =1,...,m,, which is negligible when the number m,, of such replacements is
bounded (as in examples (i)-(v) above), becomes significant with a growth of the

sample.

4. SOME AUXILIARY RESULTS RELATED TO THE COUPON COLLECTOR PROBLEM

In this section we discuss the asymptotic behaviour of the stopping time (") (m,,)

as n — 00. According to formula (7), this information is of principal importance



10 DARIUSZ BURACZEWSKI, ALEXANDER IKSANOV, AND ALEXANDER MARYNYCH

for deducing Theorem 3.5 from Theorem 3.6. Using (3) we infer

m m

(10) Er((m) = EXyn=» n(n—i+1)"" =n(H, — Hy ),
k=1

=1
where H,, := > ,_, k™! is the nth harmonic number. Moreover,

m

Var 7" (m) = ZVM Xk = Z((k = 1)/n)((n~k+1)/n)~
k=1 k=1

=n Z E™2(n—k) =n*(Hpo — Hp o) —n(H, — Hyp),

k=n—m+1
where Hy, 0 := > p_ k2.
Assume now that m = m,, < n depends on n is such a way that m,, = o(n). By

using the standard expansions
H,=logn+y+2n) ' +0(n?), H,a=(2)—-n"'+2""n"2+0(n?),
where v is the Euler-Mascheroni constant, we obtain
(11) Er™ (my,) = my, + O (m2/n), Var 7™ (m,,) = O(m? /n).
In particular, if m,, = o(n'/?), then
7™ (my) —my, — 0,

or, in other words,

(12) lim P{r(™(m,) =m,} = 1.
n—oo
5. ASYMPTOTICS OF THE CENTRAL MOMENTS OF »_ _  logp- IL{/\ W1y
n X P k >

For n e Nand 1 < m < n, put

ﬁ(n,'m,) = H p]l{xp(U(n))Zl}.
m<pLn

2s

In this section we investigate the behavior of E(log Ummn) _ Elog (7“””“) for
s = 1,2 as n — o0o. The results obtained here are an important ingredient in the

proof of Theorem 3.6.
5.1. Auxiliary results. We start with several auxiliary facts.
Lemma 5.1. For s € N,
lim E (log U™ — Elog U(”))2S —E(& — E&)® = E(& — 1),

where & is a random variable with the exponential distribution of unit mean.
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Proof. To justify this it is tempting to use distributional convergence of logn —
log U™ to &£ in combination with a uniform integrability argument. However, we
find it simpler to exploit a more analytic approach based on a direct calculation of

the moments: for r € N,

E(log U™)" = n~! Z log" k=n"1 / log" xdz + O(n~"log" n)
k=1 1

- Z(—l)ii! (:) log""n+ O(n"tlog" n).
i=0

This follows from the Euler-Maclaurin summation formula. An application of the

binomial theorem completes the proof. (I

As usual, a,, ~ b, as n — 0o means that lim, o (a,/b,) = 1.
Lemma 5.2. Let s € N and (X,)n>1 and (Y)n>1 be arbitrarily dependent se-
quences of random variables with finite moments of order 2s. If EX2* = O(1) and

lim,, o0 EY,2* = 0o, then E(X,, — Y,,)* ~ EY,?® as n — oc.

Proof. We start with a representation

2s
2
E(X, — Y,)* =3 (~1)F < :)EXZS"“Y,?.
k=0

For k=1,...,2s — 1, an application of Holder’s inequality yields
X2 FYE| < (BXZ7)M 429 BY2%)H/C9) = o(EY)
because k < 2s. Thus, we have proved that E(X,, — Y;,)? = EY,> + o(EY,?*). O

Lemma 5.3. The following asymptotic relations hold:

N4
(13) K, =E (log U™ —log U(")) =0(1), n— oo,
where U™ = [L<n p]l“P(U("))>1) forn €N, and

~ ~ 4
(14) E (10g U™ —1og U™ — Elog U™ + Elog U<">) —0(1), n— .
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Proof. We write with the help of the binomial theorem

4
Ko =E( D 1ogp - (W(U™) = 1ps, wiysny))

p<n

= > log"p x B, (U™) — 1)}

psn

+4 > log’ plogq x E(\, (U™) = )T (A (U™) — 1)4

p#qLEn

+6 Z log® plog? ¢ x E(\,(U™) — D2 U™y —1)2

p<g<n

+12 > log®plogglogr x E(A,(U™) = 1)3 (A(U™) = 1)1 (A(U™) = 1)
PAGFETLIN

+ 24 Z log plog g log rlog sx
p<g<r<s<n

EQA(U™) = 1)4 (A (U™) = 1)+ (A (U™) = 1) (A(U™) = 1)

5

=> Ki(n).

i=1
For any k£ € N, any positive integers vq,...,v; and any distinct prime numbers

D1, - -+, Pk, we have

k
E (H(prn - 1>f:>

= D> =D G = DPOG (U™) = iy A (UT) = i}

J1ye-dk 22
S Z (.71 - 1)v1 "'(jk— 1)Uk]P{)‘P1(U(n)> >j1a"'7>‘Pk(U(n)) >jk}
J1yeerdk 22
= Y G Gl D /@) e
J1s--Jk 22
] , k
< D AT e < const - [ [ pi?
J1seedk 22 i=1

Now, for i = 1,...,5, the asymptotic estimate K;(n) = O(1) follows from the
preceding bound, Zp p~2 log4 p < oo and the following inequalities:

K(n) < const- Y (p~*log’ p)(q~>logq)
pFGLN

< const - (Zp *log” p> (szlogp>;

K3(n) < const - Z (p~2log? p)(¢~21og? q) < const - (Zp 2 log? p) ;

p<g<n
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Ky(n) <const- > (p~?logp)(g *logq)(r—>logr)

PAGATN
2
< const - (Zp 2log p)(Zp_Qlogp) ;
P

K5(n) < const - Z (p~21ogp) (¢ 2logq)(r 2logr) (s 2log s)

p<g<r<s<n
< const - (Zp 2logp) .

Thus, (13) holds. Inequality (14) follows immediately, because for any random
variable X with EX* < oo we have E(X — EX)* < SEX*. O

5.2. Asymptotics of the variance. The function 7 defined by n(z) := >° . 1
for x > 0is called a prime counting function. Recall that the prime number theorem

(see, for instance, Theorem 6.2.1 in [7]) states that
(15) w(x) ~x/logx, x— oo.

For later multiple use, we note that (15) in combination with integration by parts
entails

(16) / fw)dn(y) ~ / (f(w)/ logy)dy, - oo

1

where f(z) = z~%log” z and either (a) I, = [2, 2], a < 1, b > 0 or (b) I, = (x,0),
a>1,b=20

While investigating the asymptotics of Var (log U (nmn)) we treat the two cases
(A) m, < n'/? for large n and m,, — oo and (B) m, > n'/? for large n and
m,, = o(n) separately in Theorems 5.4 and 5.5. Here is a brief explanation of such
a case distinction. In case (B), the variance of log U(mmn) g given by the sum of
two terms which can exhibit different first order asymptotics (formula (26)). This
necessitates us to provide several terms expansions for each. In the case considered
the m’s are reasonably large and kill the influence of nonprincipal terms of these
expansions (in particular, it turns out that two terms expansions suffice). In case
(A), the aforementioned reasoning does not help. We state, without going into
details, that

(17) Var (log U™™)) = 27" 1og? m,, + O(lognlog ™2 my,),

where, to the best of our knowledge, the big-oh term cannot be improved. Hence,
formula (17) as it stands only provides the correct asymptotics Var (log Ummn)y
2-1log® m,, for m,, satisfying mpe= 18" 5 o0 For smaller m formula (17) is

useless for us. In view of these issues we offer an alternative approach for the case
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(A). We show that Var (log U(™™)) ~ Var (Zpgmn logp - ]l{)\p(U<n))>1}>. The
variance on the right-hand side which is given by the sum of three terms is much
easier to deal with, for the first order asymptotics of the terms is enough. On the
other hand, this simple reasoning is not applicable in case (B) because the terms
of the sum representing the variance may exhibit different first order behavior. For

instance, (22) still holds true in case (B), whereas

2n~" Y~ logplogq|n/(pg)] ~ 27" log?n —log?(n/m.).

p<g<mn

Theorem 5.4. Assume that m, < n'/? for all n large enough and m, — co as

n — 00. Then
Var (1og ﬁ(”’m")) ~ 27 0g? m,, n — .
Proof. From Lemma 5.1 with s = 1 we know that

(18) Var (Z logp - /\p(U("))> = Var (logU™) — 1.

psn

Further, relation (14) ensures that
(19) Var (log U™ —log U™) = O(1)

because Var X < 1/E(X — EX)? for any random variable X with EX* < co. These
asymptotic relations in combination with the inequality (z + y)? < 2(2? + 3?),

x,y € R entail

Var ( Z logp - ]I{AP(U<n>)>1}) = Var <log (7(")) =0(1).

PN

Further, by Lemma 5.2 applied with s =1,
X, :=logU™ —Elog U™

= logp- 1y, wim)s1y — E( > logp- H{Ap<v<n>>>1})a

p<n psn
and
Y= ) logp- Liy, o)z _E< > Ing']l{Ap(U(”)Dl})
pP<may, PSTMn
we have

Var (log U™™)) = Var (log U — Z logp - ]].{)\p(U(n))>1}>

PSMp

~ Var( > Ing']l{)\p(U("))>1}>

p<Mmn
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provided the right-hand side diverges to infinity. Thus, it is enough to prove that

(20) Var( Z logp-]l{Ap(Um)))l}) ~ 27 og? m,.

pP<Mmn

As a preparation, write

(21) Var( Z logp']l{x,,(mm);u)

PSMn
2 2
=E( Y logp-1pn,wonsn) — (E( Y logp-1p,wensy))
P Mp P<My
=n~' Y log’pln/p)+2m~" Y logplogq|n/(pg)].
PEMn P<g<mnp
2
- (vfl > logan/pJ)
P My,

Here, the equalities P{\,(U™) > 1} = n~!|n/p] and, for p # q,
P (U™) > 1,0,(U™) > 1} = 07 n/(pq)]

have to be recalled.

We start by analyzing the first term

> ptlog®p—nt Y log?p<nt > log’pln/pl < Y ptlog?p,

Py P<Mp p<Mmy, p<mp
so that
(22) n~' Y log’pln/p] ~ 27 log®my,
P My

is a consequence of

Z p~tlog?p ~ 27 'log®m, and

pP<mMp

nt Z log>p ~ n~tm, logm, = o(logmy,).
P<Mp

The latter limit relations are justified by (16) with f(z) = = log®z and f(z) =

log? x, respectively. Similarly,
2
(23) (n7" > togpln/p)) ~ log>mn
pP<Mn
follows from

> pllogp—nt > logp < n' > logpln/p] < Y plogp

pP<Mmy P<May P<My pP<mp
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and

Z ptlogp ~ logmy,, n! Z logp ~ n 'm, =o(1).
pP<Mmp pP<Mmp

Finally, we use

> (ptlogp)(gtlogg) —nt > logplogg

P<g<my p<q<mn
<n~' Y7 logplogg[n/(pa)] < D (p 'logp)(g ' logq)
P<g<my Pp<q<man
together with
2 Z “!logp)(q~'logq) = ( Z P 1logp> - Z p2log?p ~ logZm,
p<g<mn p<man, p<mn
and
2
2n ! Z logplogq < n_l( Z logp) ~ n_lm% =0(1)

p<qg<my pP<Mmp

1/2

(recall that m,, < n'/? by assumption) to obtain

(24) 2n~! Z logplogq |n/(pq)] ~ log?m,.

p<g<mn

A combination of (22), (23) and (24) proves (20). O

1/2

Theorem 5.5. Assume that m,, > n'/* for all n large enough and m,, = o(n) as

n — oo. Then
(25) Var (log U™™)) ~ 271 (logn — logm,)(3logm,, —logn), n — co.

Proof. Note that

log gmmn) _ Elog gmmn) — Z logp(IL{Ap(Uw))l} — IP’{AP(U(")) >1}
My <pEN
whence
~ 2
Var(log ")) =n=t 3" log?pn/p) = (nt > logpn/p))
My <pENn My <PpKN
(26) +2n7" Y logplogq|n/(pg)]
My, <p<gsn

=n! Z longLn/;DJ*Of1 Z logan/pj)Q

my, <p<n mp<pEn

which is a counterpart of (21). Observe that the last equality follows from the fact
that [n/(pq)] = 0 whenever p > ¢ > m,, > n'/2. We claim that

(27) nt Z log?p |n/p| = 2 '1og?n — 27 log? m,, + o(log® n — log® m,,)

My, <pEn
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and
2
28) (v Y logpln/pl) =log?(n/mn) + o(log?(n/mn)).
mp<p<n
To prove (27), write

1
~ > log’pln/p)= > p tlog’p+O(logn)

My <pEN My <pEN
=271 log?n — 27 log® m, + o(log® n — log* m,,) + O(logn)
=271 log? n — 27 log® m,, + o(log® n — log® m,,),
where the first equality follows from the trivial estimate n/p — 1 < [n/p] < n/p,

the second is a consequence of (16) with f(z) = = 'log®z and I, = (m,,, n], and
the third is implied by

0 < logn/(log?n —log® my) < 1/log(n/my) — 0.
Formula (28) follows along similar lines from

n Y dogpln/pl= Y plogp+ O(1) = log(n/my,) + ollog(n/m,,)),

my <pKn My, <pKn

where the second equality results from (16) with f(z) = 27 !logz and the term
O(1) is killed by o(log(n/my,)).
Subtracting (28) from (27) and using that log?(n/m,) < log®n — log?m,, we

arrive at

Var(log U™™)) = 27 (logn — logm,, ) (3logm, — logn) + R,
where
lim |R,|/(log?n —log?m,) = 0.
n—oo

This implies (25) because

|En| B |I:2n| log n + log m,,
(logn —logmy,)(3logm, —logn)  log®n — log? m,, 3logm, —logn
<4 | - 0,

log® n — log? m,,

1/2

where we have used n'/* < m,, < n for large n for the inequality.
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5.3. The big-oh estimate for the fourth central moment. The proof of
Lemma 5.6 is very similar to the proof of Theorem 5.1 but is essentially simpler for

it only provides an upper estimate rather than the exact rate of growth.

Lemma 5.6. Assume that m, — oo and m, = o(n) as n — oco. Then
~ - 4
(29) E(log Umme) _ Elog U("’m")) = O(log* my,), n — occ.

Proof. We divide the proof into two steps. The purpose of Step 1 is to demonstrate
that (29) is implied by

4
(30) E( > dogp- I, wenysiy —E Y logp']l{,\p(U<n>)>1}> = O(log" m,).

PESMp p<Mmn

Step 2 is devoted to showing that (30) holds true.

STEP 1. From Lemma 5.1 with s = 2 we know that

lim E(log U™ — Elog U™)* = 9.

n— oo

This together with (14) yields

lim E(logU™ —ElogU™)" = 0(1).

n—roo
The latter in combination with Lemma 5.2 applied with s = 2,
X, =log U — Elog U™ = Z logp- 1y w1y —E Z logp - Loy, (=13
psn p<n

and

Yo=Y logp- Lo, wenzy —E D logp- Loy wim)sy

pPSmp Py

enables us to conclude that (29) is implied by (30) and
4
nIEEO]E( > logp - Lpy ez —E Y logp- 1{W<n>>>1}) -
PSMan, PN

The latter holds true in view of

4
E( Y logp- Ly, wonsy —E Y logp']l{xp<v<">>>1})

P<Mp PSMyp

> (Var( Z logp-IL{Ap(U(n)Dl}))Q — 00.

P<May

Here, divergence is justified by (20) when m, < n'/? with m, — oo and by

Theorem 5.5 together with

Var( Z 10gp~IL{>\p(U(n>)>1}) ~ Var (log U(™mn))

P<Mp
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(which holds true by another application of Lemma 5.2) when m,, > n'/? with
m, = o(n).

STEP 2. Passing to the proof of (30) we first note that, for a > 0,

(31) Z p tlog®p = / r7 og® xdm(z) ~ a” ! log” m,,,

p<may, (2, mn]

where the asymptotic equivalence follows from (16) with f(z) = = !log® . With

this at hand, we obtain

4
E( > 1°gp'1{AP<U<n>>>1})

PSmap
= > log'p|n/pln!
P<Myp
+4 > log’plogg x [n/(pg)|n~"
PAGKTMn
+6 > log’plog’q x [n/(pg)|n~"
P<gs<mnp
+12 Z log? plog qlogr x |n/(pqr)|n~*
PAGET My,
+ 24 Z log plogqlogrlogs x |n/(pgrs)|n=!.
p<g<r<s<mny

Each summand is O(log* m,,), by (31). For example, for the fourth summand this

is a consequence of

> log’plogqlogr x [n/(pgr)|n~ ' < > (pgr)~'log® plogglogr

PHEGET My, P,q;T <My
2
= ( > p*110g2p>( > q*IIOgQ> = O(log" my,).
P<Mmyp g<my

Since E(X — EX)* < S8EX* for any random variable X with EX* < oo, (30)
follows. O

6. PROOF OF THEOREM 3.6

We prove Theorem 3.6 via the sequence of lemmas. For n € N and t > 0, put

(32) Zn(t) = glog]r ]l{maxlgkgmnu A (U3 1
rn

Lemma 6.1. Assume that m, — oo and m, = o(n) as n — oco. Then, for all
T >0,

E ( sup (Yo ([mat]) — Zn(t))> =0(mY?), n— .
te[0, T
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Proof. Fix any T > 0. Then, for all t € [0, T,

0< Yn(tmntJ) - Zn(t)

_ (n)y _
o Z logp <1§16H<1?7)7(Lntj AU l{maxlskstmm AP(U;i")Dl})

psn

< Z logp max A,,(U,gn))

1<k [mant]

p<m/?
(n)
+ Z logp 1<l:2?§mtj AU )l{maxlékgtmnu A (UM) 22}
my/?<p<n
=1, + J,.
It suffices to check that
(33) El, = O(mY/?) and EJ, = O(m/?).

To prove the first relation, write

EI, = logp - E £, (UMY
21/2 ogp (1@?%@ p(U"))

<My
)y < 5
< ) logp ZP{KkrgLanfnTJ/\p(Uk )2]}
p<my/? 321
= > logpy (I—(L—n""n/p/])lmT))
p<my/? 321
< Y logp Y (1—(1—p7)lmT),
p<my)/? j=1

Note that
(= —p T =E(_ max  Gi(p)),

1<k m, T

where (Gi(p))kren are mutually independent random variables with geometric dis-
tribution (5). Denote by &1, &, ... independent copies of a random variable having
the exponential distribution of unit mean. Using the distributional equality

d —1 -1
e Gr(p) 1<J§f‘$nTJLOg p&;) = |log P ]

we conclude that
Z(l —(1- p_j)Lm”TJ) =E( max Gi(p)) = }Etlogflp max &

= 1<k [ma T 1<k [mn T
=

[mnT]

< —1 _ —1 —1 < —1 )
<E(log™'p max = &)=log”'p ;; k™! <log™" p(1 + log(m,T))
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Hence,

El, < Y (1+log(mnT)) = (1 +log(m,T))m(m}/?),
p<my/®
where 7 is the prime counting function. An application of (15) proves the first
relation in (33).
We are now passing to the second relation in (33):

EJ, < Y. logp-E( max A (UM)) (s coe s A )52}

e 1<k [ma T
(n) :
<2 > logp-ZP{ LB (U )2]}
my/?<p<n Jz2
=2 Z logp Z(l—(l—n_an/ij)Lm"TJ)
mi,,/2<pgn jz2
<2 ) logp ) (1—(1—p7)lmT)
m$1/2<}7<n ‘722

Using the inequality 1 — (1 — )™} < z|m, T| < 2m,, T, = € [0, 1] we infer

EJ, < 2m,T Z logp Zp*j

my/ > <p<n i22
=2m,T Z (p* —p)~tlogp < 4m, T Z p~2logp = O(ml/?)
my/*<p<n my/?<p
having utilized (16) with f(z) = 272logx for the last equality. O
Note that
EZn(t) - E( Z logp - ]l{ma)qgkgtmntj Ap(U;En))>1}>
PN
=Y togp(1— (1 =0 [n/p)) ") = collmat]).
psn

This equality and Lemma 6.1 demonstrate that Theorem 3.6 follows once we can
show that

Zn(t) —EZ,(t) f.d.d.
(34) (P ) o i (B0,
where
2-1m, lo 2mn, in case (A),
(35) 0 — g (A)

27 1m,, (logn — logmy,)(3logm, —logn), in case (B).
For later use recall that in view of Theorems 5.4 and 5.5

(36) an ~ my Var (log ﬁ(”’m")).
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As a preparation for the proof of (34) we need a couple of lemmas.
Lemma 6.2. Assume that m, — oo and my, = o(n) as n — oco. Then

(37)  Var ( Z logp - ]l{maxlgk@”n Ap(U,in))>1}> = O(my,logmy,), n— oo.

pP<My

Proof. We start with

Var( Z logp ]]'{max1<k<mn U(n))>l}> Z lOg p

p<my Py
2 E 1 1 . 1 1 .
+ ogplogg- Cov {maxi <i<m, Ap(USY) =1} 7 {maxi <rm, Ag(USY)>1}
p<g<mp

In view of (16) with f(z) = log?z the first term is asymptotically equivalent to

my logm,. Further,

’Cov(]l

s 1 ,
{max; <r<my, Ap(U;in))21}’ {maxi <r<my, )‘q(U}i V)>1}

= v(1 1 s
)CO ( {maxi <r<m, Ap(US)=0} " {maxi<rcm, Aq(Uén)):O})‘

= [P (Ap(U) = 0,4 (U) = 0} = P {0, (U™) = 0}P™ {A,(U™) = 0}

<My

PU(U) = 0,0,(U) = 0} = P{,(U) = 0}P{A (U™) = 0}
= mn|n~" [n/(pg)] — n=*[n/p)|n/qll,
where the equalities
(38) P{\,(U™) =0} =1—n""[n/p],
(39) P(U™) =07 (U™) =0} =1—n"n/p] =~ [n/q] +n""[n/(pg))
which hold for prime p # ¢ have been utilized. For later use, we note that whenever

q > p > n'/? we have

Cov(]l{maxlgkgmn Ap(US) 21} ]l{maxlékéwm ,\q(U,i”))>1})
(40) = (1=n""[n/p] —n"n/q))"
— (L=n""n/p] —n "t n/q] + 072 |n/p||n/q)™" <O
as a consequence of [n/(pg)| = 0. The inequalities
[n=Hn/(pa)| — n~*|n/p)|n/ql| < n
readily imply that

2‘ > logplogg COV<1{maxl<k<W A )13 Hmaxi cpam, A«(U,i”)m}) ‘
pP<g<mnp

2
<2n tm, Z logplogqén_lmn( Z logp) ~ n_lmi,

p<g<mn pP<Myp
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where the last asymptotic relation is a consequence of (16) with f(x) = logx. Thus,
if m,, < n'/? and m,, — oo, the proof of (37) is complete, for the right-hand side
of the last centered formula is O(m,,).

Assume that m,, > n'/? and m,, = o(n). We shall use a representation

Z 1ng ’ 1{max1<k<mn AP(UI(cn))21} - Z logp ' l{maxlékémn /\p(U,in))21}

p<my, p<nl/?

I -1 .
+ Z o8P {maxi1<r<my, )‘p(UIE;n))>1}
nl/2<p<my,

Repeating verbatim the previous argument yields

Var Z logp - l{mamgkgmn MUM)s1y | = O(n*?logn) = O(m, logmy,).
p<nt/2

Finally, we infer with the help of (40) that

0 < Var ( Z logp - Il{maxlgkgmn Ap(U,ET”))l})

nl/2<p<m,

> logPpVar(L, o swiysn) S D log’p=O(mylogmy).

nl/2<p<my, p<Mp

N

O

Observe that a,,/(my logm,) — co. In case (A) this is obvious. In case (B) this
is a consequence of
an/(my logm,) = 27 (logn — logm,,)(3logm, — logn)/logm,
> 27 (logn — logm,,) — oo.

Thus, using (37) in combination with Chebyshev’s inequality we conclude that (34)

is equivalent to

(41)
1 (n)
Gn” Z Ing(l{makangntJ Ap(UF)21} T P{Kkrg?r};nﬂ A(Us) 2 1)
My, <p<n 0
f.d.d.
=2 (B(®))io0-

Lemma 6.3. Assume that m,, — oo and my, = o(n) as n — co. Then

™mn

(42) Var( D0 10gp( X 1py w1y~ Linmencren, a@is11))
k=1

My, <p<n

= O(mylogm,), n— oco.
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For the proof we need a technical result.

Lemma 6.4. Let Bin(m,0) be a random variable having a binomial distribution

with parameters m € N and 0 € (0, 1), that is,
. m k m—k
P{Bln(m,@):k}:(k>9 (1-190) , k=0,1,....,m
Then
Var ((Bln(m7 9) - 1)+) = Var (Bln(ma 9) - ]I{Bin(m,e)}l}) < (m9)2
Proof. This follows from

Var (Bin(m, 0) — 1{Bin(m,0)>1})
= Var (Bin(m, 0)) — 2Cov(Bin(m, ), 1(Bin(m.0)>1}) + Var (L{Bin(m.0)>1})
=mf(1—0) —2mb(1 - 0)" + (1 -6)"(1 - (1-0)")
< mb(1—8) — 2m(1 — )™ + mh(1 — )™
=mf(1— (1 —-0)™) —mb*> < (mh)>.

Here, we have used twice the inequality 1 — (1 — )™ < 6m. O

Proof of Lemma 6.3. In view of

Mn

Z I{AP(U;"U;H - l{max1<k<m,n AU Z1} — (Z ]l{)\p(U,g"))gl} - 1) J
k=1 k=1 +

relation (42) is equivalent to
Var ( Z logp( Z ]l{,\p(U,i"))>1} - 1)+) = O(my, logmy,).
My <pEN k=1

We represent the left-hand side as follows:

Z log? p - Var ((Z ]l{Ap(U,E")Dl} — 1)+) +2 Z log plog g x

my, <p<n k=1 my, <p<qg<n

COV((Z]I{)\ U)> ) (Z]l{)\ W1y 1)+) =: A1(n) + As(n).

Since the sum Y, 1 has the binomial distribution with parameters

DoU)>1}
my, and ]P’{/\p(U,g")) > 1} =n~!|n/p|, an application of Lemma 6.4 gives

(43) Ai(n) < Y log?p(n~'muln/p))* <mp Y p~*log’ p = O(my,logm,),

p>mp p>my

where we have used (16) with f(z) = 2~2log®  for the last step.
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Passing to the analysis of As(n) we have to estimate the covariance: for prime

P #q,

C’I’L(p7 Q) = COV((Z ]l{/\p(U’in))>1} - 1)+, (Z ]I{Aq(U,(cn))>1} — 1)+)
- Z Cov(l{xpwf")»l}’H{Aqw;"’»l})
i,j=1
B Z COV(I{maxwgmn Ap(US) 21} l{xqwf")»l})
=1
-2 COV(H{maxl@gmn A (US) 21} l{xpw;m»l})
j=1
+ Cov<l{maxl<k§mn Ap(Ulin))>1}’ l{maxlgkgmn Aq(U;in))Ql})
Mnp
- Z COV(I{AP(UE"U%}’H{Aqw;’”»l})
i,5=1
Mn
+ z; COV(I{maXIgmmn A (UL)=0} l{xqwi")»l})

+2 CO"(H{maxlgkw A (UL) =0} H{pr_ﬁ")»l})

j=1
v( 1 1 ' .
+Co ( {maxi<kcm, Ap(US)=0}" ~{maxi<rgm, Aqw,i")):O})

For typographical simplicity we shall use the following abbreviations until the end
of the proof of (42):

a:=n""In/p|, bi=n""[n/q), A:=n""n/(pg)] —n"*[n/p||n/q].
Using (38) and (39) we obtain

Cn(p,q) = mpA —mpA(l —a)™ 1t —m,A(l — b))t
F (1= @)1 b) + A — (1= a)™ (1 — b
= mnA(l — (]_ — a)mn*l)(]_ _ (1 _ b)mnfl))

Mo,
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Therefore,
e =2 > logploga Culpsa)
my, <p<g<n
(44) < 2my, Z |A|logplogq- (1 —(1—a)™ 1) (1—(1-0b)"""1))

My, <p<q<n

My, my,
+QZ( A ) Z log plog q|A|".
k=2

my, <p<g<n

The summands are bounded from above, respectively, by

2
2m) > p g *logplogq < mi( > p’QIng) = O(m)

my, <p<g<n pP>ma,
and
My mn B B may, mn 3 2
() X otetowsoza< Y () (X ot om)
k=2 My, <p<g<n k=2 p>may,

n

Lz
< const X Z (mn) m20=8) = const x m2((14+m;2)™ —1—m; ') =0(1),

where we have used |A| < (pg) ™!, a < p~!, b < ¢~! and the fact that
> pFlogp < Cmy 7k,
p>mnp

for some constant C' > 0 which does not depend on k. The last estimate is justified
by Lemma 7.1 in [1]. O

Now we conclude with the help of (42), a,/(my,logm,) — oo and Chebyshev’s
inequality that (41) is equivalent to (45).
For 1 <m <n and k € N, put

~ 1 ~ 1
(n) _ Ap(U) 1 (nym) _ Ap(U) 21
Uk_”p{p(k>}and olmm = ”p{p(k)}_
p<n m<p<n

Lemma 6.5. Assume that m, — co and m,, = o(n) as n — co. Then

[mnt]
(45) (an1/2 3 (1ogU,5"’m")ElogU,£"’m"))> LA (B())iso
t>0

n—oo
k=1 >
with a,, defined by (35).

Proof. The left-hand side in (45) is the sum of independent random variables. Thus,

the proof of (45) boils down to showing convergence of covariances

|mnt] M s ]

(46) a,*Cov log T{™™) log ﬁlgn’m") — min(s, t)
k
k=1 k=1
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for s,t > 0 and checking the Lindeberg—Feller condition, see Theorem 4.12 in [19],

~r(n,my) ~r(n,mp )\ 2
(47) E(logUy —ElogU; ) ]l{|log Timmn) _Elog U™ |>e/an}

= o(an/my)
for all € > 0. Formula (46) follows from
[mant] _ [y s] _ [y, min(t,s)] _
Cov( Z log U,gn’m"), Z log U,g"’m")) = Var ( Z log U,gn’m"))
k=1 k=1 k=1

= |m,, min(t, s) | Var (log U™™)) ~ min(t, s)a,.

Further, we use the Cauchy-Schwartz inequality and the Markov inequality to

obtain

7 () 7 ()2
E(log Uy = Elog Ur ™) L) 1og () g 10g 5 > yam)

~ - 1/2
< (Bog ™™ ~ E10g U{""™))*)

- - 1/2
X (IP’{\ log ™™ — Elog U\™™)| > s«/an})

= (nma) ~mana\ Y2 21 —1)2 = (nma)\\1/2
< (E(log Uy —ElogU; ) e "a, “(Var (log U; )
=0

(my '/ log®my,) = o(1)
which proves (47) because a,/m, — oo. Here, the next to the last equality is

justified by Lemma 5.6 and (36) .
We note in passing that (47) holds trivially whenever

(48) lim (a,/log®n) = oo

n—o0o
which is particularly the case when m, grows faster than log®n. Observe that
|log ﬁl(”’m") — Elog ﬁl(n’m”)| < 2logn a.s. as a consequence of log ﬁl("’m") <
log Ul(") < logn a.s. Thus, under (48), the indicator in (47) is equal to 0 for
large n, whence (47). O

The proof of Theorem 3.6 is complete.

7. PROOF OF THEOREM 3.5

PROOF OF PART (1). We start by noting that whenever m,, = o(n'/?), Theorem 3.6

immediately implies Theorem 3.5 because (12) yields

lim P{loglem(B, (|mnt])) = Yo(|mat])} =1

n—oo

for each t > 0.
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In the situation that m, # o(n'/?) our proof relies on the following inequality
(49) Yo (k) =Y, (D] < |k—1llogn a.s.

To prove it, we assume, without loss of generality, that k& > [. Using the fact that,
for finite sets A, B C N,

lem(A U B) < lem(A4) x lem(B),

we conclude that
0 < Yo(k) = Yo (l) = loglem(U™, UM, .., UMY —loglem(U™, US™ ..., U!™)
k
< log 1cm(Ul(_H, UQ(n), cey U,in)) < log H U](”) < (k—1)logn.
j=l+1
Applying (49) with k& = 7(")(|m,t]) and I = [m,t]| (note that k& > [ in this case)

and taking expectations we arrive at

E(Yo (" (Imat])) = Ya(lmat])) _ E(r™(Imnt]) — [mat])logn
Vg logmy, h Vg logma,

_ (mf’/ 2 logn)
N nlogm, /’
where the last equality follows from (11). It remains to note that in case (A)
my, < n'/? for all sufficiently large n and m,, — oo, so that the right-hand side of

the last centered formula converges to zero in view of

mi/? logn —1/4
——<n logn.
nlogm,
Thus,
Yn(T(n) (Imnt])) = Yo([mat]) »
—
v/my, logm,, n—o0

which in combination with part (i) of Theorem 3.6 proves part (i) of Theorem 3.5.

0

N

0

PROOF OF PART (11). We appeal to (49) once again but now with k& = 7(" (|m,t])
and [ = |E7(™(|m,t])]. This gives

E[Yo (7™ (lmat])) = Ya([ET™ ([mat])))]
<lognElr™ (|mat]) — [Er™ ([mat])]|
< logn + log n(Var (70 (|m,t]))Y? = O(n~?m,, logn),

where we have used (11) and m,, > n'/? for all large enough n. Therefore,

(Y™ ([mat])) = Yal[EF (Lmat)]) 5 0,
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by Markov’s inequality as a consequence of

m?2 log?n 2m,, log® n 4m,, logn 1

na,  n(logn —logm,)(3logm, —logn) n log(n/my,)"
The first term is bounded because m, = O(n(logn)~!) by assumption and the
second tends to zero in view of m,, = o(n).
It remains to prove the convergence

(50) (a2 (Yl BT (|mat]))) —ca(—nlog(1=(mat)/m)) 2% (B®)zo-

t>0 n—oo

Since |ET(™(|m,t])| = O(m,,), Lemma 6.1 implies that

E( sup (YVallBr®™ ([mat])]) = Zu(my By ([mat))) ) = O(m/?)
tel0, T
for every fixed T > 0, where the definition of Z,, see (32), has to be recalled.
Thus, (50) follows if we can check
(51)

(a;l/Q (Zn(mglET(”)(LmntJ)) — cp(—nlog(l — (mnt)/n))))> v

(B(t))e=o0-

t>0 n—oo

For fixed n, the function ¢,, defined in (6) is increasing and subadditive on (0, c0),

whence

0< en(a+y) —enlx) <cnly) < D logp(l— (1—n""[n/p])¥)

< yZpil logp < const x ylogn
PN

and, see (10),
[Er™ (Imnt )] = [n(Hp — Hyjn,e))] = —nlog(l = (mnt)/n) + O(1).

Therefore, the equality EZ,(t) = ¢, (|mnt]) shows that convergence (51) is equiv-

alent to
(52)
(an* (Za(my Br ((mat))) ~EZo(my Br® (lmat))) ) _ 25 (B(D)ezo.

Using once again the estimate |E7(™ (|m,t|)| = O(m,,), we can apply Lemmas 6.2
and 6.3 to deduce that (52) is implied by

[Er™ (math) ~ "
(53) (a,;l/?x 3 (logUén’m")—ElogUé"’m"))) 99 (B(t))es0.

t>0 n—o0
k=1 ~
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The latter relation follows from Lemma 6.5 and

B (imat))] -
Var ( Z (log Uén’m") — Elog Uén’m"))>
k=|mnt]+1

< (Er™ (|mnt]) — [mat])Var (log U7™) = O(n~tm? Var (log U™)))

which, in view of Chebyshev’s inequality, (36) and m,, = o(n), ensures

[E7(™) (lmnt])]
a; % x Z (log U,En’m") — Elog U,En’m")) 0.

n—o00
k=|mnt]+1

8. APPENDIX

We intend to show that the normalization in a limit theorem for }A/n(Lm"tJ)
defined in (9) is different from that in Theorem 3.6 unless lim,,_,~ (logn/logm) = 1.

We confine ourselves with the one-dimensional convergence.

Proposition 8.1. Assume that m,, — oo and m, = o(n) as n — co. Then

Ya(mn) = 3, logp(1 — (1 —p~1)™) 4, B

(54)
\/2—1mn(10g2 n — log? m,,) e

where B(1) has a standard normal distribution.

Proof. Repeating verbatim the argument used in the proof of Lemma 6.1 we obtain

a counterpart of the limit relation stated in that lemma

EY 1 -1 = 172y,
p§<; ogp (1§1€r2?7}7(bntj gk(p) {maxi <p< mpt gk(P)?U) O(mn )

Thus, it is enough to prove (54) with Y, (m,,) replaced by

N)

”(1) = Z logp - ]l{maxlgkgmn Gr(p)21}-
psn
The centering in (54) is just the expectation of Zn(l) To calculate the variance we

argue as follows

Var (Z,(1)) = Y log?p(1 — (1 —p~ )™ )(1 —p~ )™

psn

= 3 log?p(l—(1—p)™)(1 —p )™ + O(my log my)

My <N

= Z log? p(1 — (1 — p~H™) + O(my, logmy,),

My <pEN
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where we have used (16) to obtain

> log?p(1—(1—p )™ (A —p )™ < Y log?p = O(m,, logm,,)

PSMp P<Mp
and
Z log?p(1 — (1 —p H™)2 < m? Z p~2log® p = O(my, logmy,).
mp<p<n mp<p
Further,

Mo, Z ptlog?p — 27 my, (m, — 1) Z p2log’p

Mg, <p<n My <pEN

< Y logp(l—(1—p ™) <m, Y ptlog?p

My, <pEN My, <pLn

and

m2 Z p~2log? p = O(m,, logm,,)

My, <p<n

by (43). It remains to note that

my, Z ptlog?p ~ 27 m,(log? n — log® m,,)
my, <p<n

by (16) and
(M logmy,) /(my, (log? n — log® my,)) < 1/log(n/m,) — 0.

Put b, := 27 'm,,(log* n — log® m,,) and

Vo) i= Lo, o) ~ P{ e ) > 1]

1<k<mn,

for n € N and p € P. The Lindeberg—Feller condition, see Theorem 4.12 in [19],

> 1087 BV (W)L {10y v, () 52 v} = 0(bn)

psn

for all € > 0 is trivial because logp |V, (n)| < logn for p < n and m,(log’n —

log? my,) grows faster than log® n. The latter follows from
my(log? n — log® my,)/log® n > my, log(n/m,)/logn > log(n/m,) — oo
in the case m,, > |logn| and m,, = o(n) and
my,(log? n — log® my,)/log? n > m,, log(n/m,)/logn ~ m, — oo

in the case m,, < |logn] and m,, — cc. O
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Now we use Theorem 3.6 and Proposition 8.1 to conclude that lim, oo (b, /a,) =
1if, and only if, lim,,_, o (logn/logm,,) = 1. Recall that a,, is defined in (35). If, for
instance, m, < n*2 and m,, — 00, then a, = 2" m,, log2 my, so that b,/a, > 3.
In particular, lim, o (b, /an) = 0o whenever lim,,_, . (logn/logm) = co.

Here is the promised sketch of the proof of Proposition 3.3.

Proof of Proposition 3.3. It is enough to prove the joint convergence

N n n _ n d,oc0
((IOgICm(Ul( )7U2( )7~ . 7n ZlogUk(: )>mEN’(n 1U7(”))m€N) n:zo

((Xt0p- (| max Gutr) - igmp)))meN,(Um)meN).

Note that, for every fixed M € N,

loglem(U{™, US™ ... .UM) = " log U™

—Zlogp ( max A (U(")) ZAP(U,ETL)D
p<n k=1

:Z...+ Z <= Wiln,m, M) + Wa(n,m, M).
p<M M<p<sn

By the continuous mapping theorem applied to part (ii) of Lemma 3.1,

(W, M), (07 UG Y men) =%

(5 wv- (s, 90 3°60) . o)
rPs k=1

for every fixed M € N. Further, using Theorem 2.3(i) in [8] with f(z) = z yields

m

Mlim Z logp-( max Gi(p Z )
—>00ng 1<ksm

It remains to invoke Theorem 3.2 in [6] in conjunction with the relation

hm lim sup P{|Wa(n,m, M)| > e} =0

M—00 nosoco

for every fixed € > 0 and m € N. For the latter, see formula (22) in [8]. O

We finish with a discussion of why our approach fails as far as a functional
convergence in the Skorokhod space is concerned. Obviously, in our approach the

functional version of Theorem 3.6 is a necessary ingredient for a functional version
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of Theorem 3.5. From Lemma 6.1 it is clear that the convergence in Theorem 3.6
follows provided that (34) holds in the functional sense. Our next step was to prove
the approximation

lmnt]

(55) Zo(t) —EZn(t) = (log ulmm) — Elog (7;””"“) +en(t),
k=1

where aj, "/ 26n(t) converges to zero in probability, for every fixed ¢ > 0. This has

been accomplished via Lemmas 6.2 and 6.3 with the aid of Chebyshev’s inequality.

The latter is clearly insufficient to deduce the functional approximation

su €n(t
pte[O,T]‘ @)l LO,

an n—oo
for every fixed T' > 0, needed for the functional convergence. We have not been
able to check (56) with the help of our methods.

(56)
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