
ON INTERMEDIATE LEVELS OF NESTED OCCUPANCY SCHEME IN RANDOM
ENVIRONMENT GENERATED BY STICK-BREAKING II

ALEXANDER IKSANOV, ALEXANDER MARYNYCH, AND IGOR SAMOILENKO

ABSTRACT. A nested occupancy scheme in random environment is a generalization of the classical Karlin in-
finite balls-in-boxes occupancy scheme in random environment (with random probabilities). Unlike the Karlin
scheme in which the collection of boxes is unique, there is a nested hierarchy of boxes, and the hitting probabil-
ities of boxes are defined in terms of iterated fragmentation of a unit mass. In the present paper we assume that
the random fragmentation law is given by stick-breaking in which case the infinite occupancy scheme defined by
the first level boxes is known as the Bernoulli sieve. Assuming that n balls have been thrown, denote by Kn( j)
the number of occupied boxes in the jth level and call the level j intermediate if j = jn→∞ and jn = o(logn) as
n→ ∞. We prove a multidimensional central limit theorem for the vector (Kn(b jnu1c), . . . ,Kn(b jnu`c), properly
normalized and centered, as n→∞, where jn→∞ and jn = o((logn)1/2). The present paper continues the line of
investigation initiated in the article [5] in which the occupancy of intermediate levels jn→ ∞, jn = o((logn)1/3)
was analyzed.

1. INTRODUCTION

A nested occupancy scheme in random environment can be thought of as the infinite Karlin occupancy
scheme [15] in random environment (with random probabilities) settled in a consistent way on the tree of a
weighted branching process. The scheme and its multitype counterpart were investigated in [2, 5, 9, 14] and
[6], respectively. The present work is a continuation of the paper [5]. Therefore, we only recall briefly the
definition of the scheme and refer to the cited papers for a much more detailed description, motivation and
examples.

Let P := (Pr)r∈N be a collection of positive random variables with an arbitrary joint distribution satisfying
∑r≥1 Pr = 1 a.s. and P{Pr = 1}< 1 for all r≥ 1. Also, let V= ∪n∈N0N

n be the set of all possible individuals
of some population, where N0 := N∪{0}. The ancestor is identified with the empty word ∅ and its weight
is P(∅) = 1. On some probability space (Ω,F ,P) let ((Pr(v))r∈N)v∈V be a family of independent copies
of (Pr)r∈N. An individual v = v1 . . .v j of the jth generation whose weight is denoted by P(v) produces
an infinite number of offspring residing in the ( j + 1)th generation. The offspring of the individual v are
enumerated by vr = v1 . . .v jr, where r ∈ N, and the weights of the offspring are denoted by P(vr). It is
postulated that P(vr) = P(v)Pr(v). Observe that, for each j ∈ N, ∑|v|= j P(v) = 1 a.s., where, by convention,
|v| = j means that the sum is taken over all individuals of the jth generation. For j ∈ N, denote by F j the
σ -algebra generated by (P(v))|v|=1, . . . ,(P(v))|v|= j. The nested sequence of environments is formed by the
weights of the subsequent generations individuals, that is, (P(v))|v|=1, (P(v))|v|=2, . . .. Further, we identify
individuals with ‘boxes’. At time j = 0, all ‘balls’ are collected in the box ∅. At time j = 1, given F1,
‘balls’ are allocated independently with probability P(v) of hitting box v, |v|= 1. At time j = k, given Fk,
a ball located in the box v with |v|= k is placed independently of the others into the box vr with probability
Pr(v) = P(vr)/P(v).
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Of course, restricting attention to the jth generation we obtain the Karlin occupancy scheme with random
probabilities (P(v))|v|= j. The quantity of traditional interest is the number of occupied boxes in the jth
generation that we denote by Kn( j) when there are initially n balls placed at the root. Since, by construction,
the probabilities in subsequent generations are ‘nested’ we infer that the sequence Kn( j) is a.s. nondecreasing
in j and eventually reaches the value n. It is natural to call τn := inf{ j ∈ N : Kn( j) = n} the height of the
scheme or the extinction time, for Kn( j) = n for j ≥ τn. By Theorem 1 in [14],

lim
n→∞

(τn/ logn) = const a.s., (1)

where const is the explicitly given positive constant, whose exact value can be found on p. 252 of the cited
paper.

In the following we assume that the random probabilities P are given by stick-breaking (a.k.a. a residual
allocation model)

Pr :=W1W2 · . . . ·Wr−1(1−Wr), r ∈ N, (2)

where W1, W2, . . . are independent copies of a random variable W taking values in (0,1). To decide whether
‘balls’ fall into the given ‘box’ of the 1st generation one may design a sieving procedure involving Bernoulli
random variables with random parameters. This explains the term ‘Bernoulli sieve’ used for the occupancy
scheme in the 1st generation. The Bernoulli sieve was introduced in [8] and then investigated in many
articles, an incomplete list of recent contributions includes [1, 7, 11, 12, 16]. Recall that if P{W ∈ dx} =
θxθ−1

1(0,1)(x)dx for some θ > 0 the distribution of P is called GEM distribution (after Griffiths-Engen-
McCloskey) with parameter θ .

We call the jth generation early, intermediate or late depending on whether j is fixed, j = jn → ∞

and jn = o(logn) as n→ ∞, or j is of order logn. In view of (1) this classification is exhaustive. It was
shown by Bertoin in [2] (see also [13] for recent advances) that in the late generations j Kn( j), properly
normalized, converges a.s. to a deterministic multiple of the terminal value Z, say, of the Biggins martingale.
Since the terminal value is a function of the boundary of the weighted branching process tree, Bertoin’s
result reveals that the late generations belong to the range of boundary dominance. On the other hand, it
was shown in [9] and, under (2), in [5] that in the early generations and the intermediate generations with
j = jn = o((logn)1/3), Kn( j), properly normalized and centered, exhibits Gaussian fluctuations inherited
partially from the fluctuations of Kn(1). It is important that the variable Z does not pop up in these results.
Thus, the aforementioned generations belong to the range of root dominance. The purpose of the present
article is to show that the intermediate generations jn = o((logn)1/2) belong to the range of root dominance.
More precisely, a consequence of Theorem 2.1 which is our main result is that, under (2) and some additional
assumptions on W , Kn( jn) satisfies a central limit theorem similar to that proved in [5] for the range jn =

o((logn)1/3) but with a more complicated centering. On the one hand, the latter fact settles in part the
conjecture stated on p. 6 in the last cited paper. On the other hand, the need for a more complicated centering
leads to additional technical complications. For instance, Lemmas 4.5 and 4.6 of the present paper are
designed to deal with complications of this flavor. While these results are based on renewal theory, the
corresponding limit relations on pp. 22-23 in [5] were obtained by direct calculations. Last but not least,
unlike in [5] we do not assume that the distribution of | logW | is nonarithmetic.

We close the introduction by explaining which new effects can be expected in the analysis of Kn( jn)
beyond the level jn = o((logn)1/2), that is, for intermediate generations growing like (logn)1/2 or faster. Our
preliminary calculations make it highly plausible that Kn( jn) exhibits a countable number of phase transitions
at the levels jn ∼ λ (logn)1−1/r for r = 2,3, . . . and λ > 0. To provide a more quantitative justification of the
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aforementioned phase transitions we state a consequence of our main result

jn!(E| logW |) jnKn( jn)
(logn) jn

P→ 1, n→ ∞ whenever jn = o((logn)1/2) (3)

which holds true under the assumptions E(logW )2 < ∞ and E| log(1−W )| < ∞. We conjecture that, for
integer r ≥ 3, under the assumptions E| logW |r < ∞ and E| log(1−W )|r−1 < ∞,

exp
(
−

r−1

∑
k=2

(γk jk
n)/(logn)k−1

) jn!(E| logW |) jnKn( jn)
(logn) jn

P→ 1, n→∞ whenever jn = o((logn)1−1/r)

(4)

for appropriate constants γ2, . . . ,γr−1. We stress that even derivation of a weak law of large numbers, let alone
distributional limit theorems, at the levels beyond jn = o((logn)1/2) requires techniques that are completely
different from those exploited in the present paper. An intuition behind (4) will be briefly explained in
Remark 7.1 at the end of Section 7.

2. MAIN RESULTS

We write P−→ to denote convergence in probability and⇒, d−→ and f.d.d.−→ to denote weak convergence in
a function space, weak convergence of one-dimensional and finite-dimensional distributions, respectively.
For j ∈ N and t > 0 put ρ j(t) := #{u ∈ V : |u| = j, P(u) ≥ 1/t}. Thus, ρ j is the counting function for the
probabilities in the jth generation. Here is our main result.

Theorem 2.1. Assume that P is given by (2), that σ2 := Var(logW ) ∈ (0,∞) and that E| log(1−W )| < ∞.
Let ( jn)n∈N be a sequence of positive numbers satisfying jn → ∞ and jn = o((logn)1/2) as n→ ∞. The
following limit theorem holds, as n→ ∞,(

b jnc1/2(b jnuc−1)!
(
Kn(b jnuc)−Eρb jnuc(n)

)
(σ2µ−2b jnuc−1(logn)2b jnuc−1)1/2

)
u>0

f.d.d.−→

(∫
[0,∞)

e−uydB(y)

)
u>0

, (5)

where (B(v))v≥0 is a standard Brownian motion and µ := E| logW | < ∞. Here, the centering exhibits the
following asymptotic behavior

Eρb jnc(n) ∼
(logn)b jnc

(b jnc)!µb jnc
, n→ ∞. (6)

Remark 2.2. Under the assumptions of Theorem 2.1 Remark 2.6 in [5] applies. It states that formula (5) can
be written in an equivalent form(

(b jnuc+1)1/2(b jnuc)!
(
Kn(b jnuc+1)−Eρb jnuc+1(n)

)
(σ2µ−2b jnuc−3(logn)2b jnuc+1)1/2

)
u≥0

f.d.d.−→

(
u1/2

∫
[0,∞)

e−uydB(y)

)
u≥0

.

The advantage is that this asymptotic relation holds for u ∈ [0,∞) rather than u ∈ (0,∞) and that the limit
process, with an exponential time-change, is stationary.

Remark 2.3. We do not know whether weak convergence of the finite-dimensional distributions in Theorem
2.1 can be strengthened to weak convergence in the Skorokhod space equipped with the J1-topology, say.
A natural approach towards checking this would be to use Billingsley’s sufficient moment condition for
tightness. An inspection of the proof of Theorem 3.1 reveals that finding the asymptotics of the variance of
an auxiliary process is a non-trivial task. In view of this investigating the asymptotics of mixed moments of
increments which appear in Billingsley’s condition looks formidable.
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Remark 2.4. Under the additional assumption that the distribution of | logW | is nonlattice, a version of
Theorem 2.1 was proved in [5] for the range j = jn → ∞ and jn = o((logn)1/3) as n→ ∞. Actually, it
was shown there that for such j the centering Eρb jnuc(n) can be replaced with (logn)b jnuc/((b jnuc)!µb jnuc).
Such a replacement is not always possible for j growing faster (yet slower than (logn)1/2), as the next result
shows.

Proposition 2.5. There exist nonlattice distributions of W satisfying the assumptions of Theorem 2.1 for
which

lim
n→∞

j1/2
n ( jn−1)!|Eρ jn(n)− (logn) jn/(( jn)!µ jn)|

µ− jn(logn) jn−1/2

is finite and positive provided that jn ∼ a(logn)1/3 as n→ ∞ for some a > 0 and is infinite provided that
limn→∞(logn)−1/3 jn = ∞ and jn = o((logn)1/2) as n→ ∞.

We shall show in Example 8.2 below that if W has the beta (θ ,1) distribution, with θ ∈ (0,1), then the
conclusion of Proposition 2.5 holds.

3. LIMIT THEOREMS FOR A BRANCHING RANDOM WALK

As in [5] we shall work with a branching random walk which is an additive counterpart of the original
weighted branching process obtained by the logarithmic transformation.

Let (ξi,ηi)i∈N be independent copies of a random vector (ξ ,η) with positive arbitrarily dependent com-
ponents. Denote by (Si)i≥0 the zero-delayed ordinary random walk with increments ξi for i ∈ N, that is,
S0 := 0 and Si := ξ1 + · · ·+ξi for i ∈ N. Define

Ti := Si−1 +ηi, i ∈ N.
The sequence T := (Ti)i∈N is called perturbed random walk. The recent book [11] provides a good overview
of known results for the so defined perturbed random walks. Put N(t) := ∑i≥11{Ti≤t} and V (t) := EN(t) for
t ≥ 0. One can check that

V (t) = EU((t−η)+) =
∫
[0, t]

U(t− y)dG(y), t ≥ 0 (7)

where, for t ≥ 0, U(t) := ∑i≥0P{Si ≤ t} is the renewal function and G(t) = P{η ≤ t}. In what follows we
shall write k1 ∗k2 for the Lebesgue–Stieltjes convolution of functions k1 and k2 of locally bounded variation.
Thus,

(k1 ∗ k2)(t) =
∫
R

k1(t− y)dk2(y), t ∈ R.

Using this notation we can restate (7) as V =U ∗G.
Here is an informal description of the construction of a branching random walk in the special case it

is generated by T . At time 0 there is one individual, the ancestor. The ancestor produces infinitely many
offspring (the first generation) whose positions on [0,∞) correspond to the points of T . The first generation
produces the second generation. The displacements of positions of the second generation individuals with
respect to their mothers’ positions are distributed according to copies of T , and for different mothers these
copies are independent. The second generation produces the third one, and so on. All individuals act
independently of each other.

For t ≥ 0 and j ∈ N, denote by N j(t) the number of the jth generation individuals with positions ≤ t and
put Vj(t) := EN j(t). Then N1(t) = N(t), V1(t) =V (t) and

Vj(t) := (Vj−1 ∗V )(t) =
∫
[0, t]

Vj−1(t− y)dV (y), j ≥ 2, t ≥ 0.
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We now provide a decomposition of N j which is of major importance for what follows

N j(t) = ∑
r≥1

N(r)
j−1(t−Tr)1{Tr≤t}, j ≥ 2, t ≥ 0. (8)

Here, N(r)
j−1(t) is the number of successors in the jth generation which reside in the interval [Tr, t +Tr] of the

first generation individual with position Tr. By the branching property, (N(1)
j−1(t))t≥0, (N(2)

j−1(t))t≥0, . . . are
independent copies of (N j−1(t))t≥0 which are also independent of T .

Theorem 2.1 will be deduced from Theorems 3.1 and 3.2 when setting (ξ ,η) = (| logW |, | log(1−W )|)
and an additional result.

Theorem 3.1. Let t 7→ j(t) be any positive function satisfying limt→∞ j(t) = ∞ and j(t) = o(t1/2) as t→∞.
Assume that s2 = Varξ ∈ (0,∞) and Eη < ∞. Then, as t→ ∞,

b j(t)c1/2(b j(t)c−1)!
m−b j(t)ctb j(t)c−1/2

(
Nb j(t)c(t)−∑

r≥1
Vb j(t)c−1(t−Tr)1{Tr≤t}

)
P−→ 0,

where m := Eξ < ∞.

Theorem 3.2. Assume that s2 = Varξ ∈ (0,∞) and that Eη < ∞. Let t 7→ j(t) be any positive function
satisfying j(t)→ ∞ and j(t) = o(t1/2) as t→ ∞. Then, as t→ ∞,(

b j(t)c1/2(b j(t)uc−1)!
(s2m−2b j(t)uc−1t2b j(t)uc−1)1/2

(
∑
r≥1

Vb j(t)uc−1(t−Tr)1{Tr≤t}−Vb j(t)uc(t)
))

u>0

f.d.d.−→

(∫
[0,∞)

e−uydB(y)

)
u>0

, (9)

where (B(v))v≥0 is a standard Brownian motion.

Remark 3.3. Theorem 3.1 is a generalization of Theorem 3.2 in [5]. Theorem 3.3 in [5] is a functional
version of our Theorem 3.2, with Vj replaced by the explicit function t 7→ t j/(m j j!). The present theorems
do not require the nonarithmeticity assumption imposed in [5]. More importantly, while Theorems 3.2 and
3.3 in [5] treat the range j = o(t1/3), the present theorems cover a wider range of j, namely, j = o(t1/2).

The remainder of the paper is organized as follows. Some technical results are stated and proved in
Section 4. Theorem 3.1 is then deduced from these in Section 5. Section 6 is devoted to proving Theorem
3.2. The proofs of Theorems 2.1 and Proposition 2.5 are given in Sections 7 and 8, respectively.

4. AUXILIARY TOOLS

Lemma 4.1. Under the assumptions Eξ 2 < ∞ and Eη < ∞, there exist c,c0 > 0 such that

|V (t)−m−1t| ≤ c, t ≥ 0, (10)

and

0≤V (t)−m−1
∫ t

0
G(y)dy≤ c0, t ≥ 0. (11)

Proof. According to Lorden’s inequality,

U(t)−m−1t ≤ c0, t ≥ 0 (12)
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for an appropriate constant c0 > 0 whenever Eξ 2 < ∞. This implies

V (t)−m−1t ≤ c0, t ≥ 0 (13)

as a consequence of V (t)≤U(t) for t ≥ 0. In view of Eη < ∞,

V (t)−m−1t =
∫
[0, t]

(U(t− y)−m−1(t− y))dG(y)

− m−1
∫ t

0
(1−G(y))dy≥−m−1

∫ t

0
(1−G(y))dy≥−m−1Eη (14)

because, with ν(t) := inf{k∈N : Sk > t} for t ≥ 0, U(t) = m−1ESν(t)≥ m−1t. Here, the equality is just Wald’s
identity. Summarizing we have proved (10), with c = max(c0,m

−1Eη). Inequality (11) is a consequence of

0≤V (t)−m−1
∫ t

0
G(y)dy =

∫
[0, t]

(U(t− y)−m−1(t− y))dG(y)≤ c0G(t)≤ c0.

�

Proposition 4.2 is borrowed, for the most part, from Proposition 4.1 in [5]. Formula (19) which is the
only new ingredient follows easily from (15).

Proposition 4.2. Under the assumptions Eξ 2 < ∞ and Eη < ∞,∣∣∣∣Vj(t)−
t j

j!m j

∣∣∣∣≤ j−1

∑
i=0

(
j
i

)
c j−it i

i!mi , j ∈ N, t ≥ 0, (15)

where m= Eξ < ∞ and c is the same as in (10).
In particular, whenever j = j(t)→ ∞ and j(t) = o(t1/2) as t→ ∞,

Vj(t) =
t j

j!m j +O
( jt j−1

( j−1)!m j−1

)
, t→ ∞ (16)

and
jt j−1

( j−1)!m j−1 = o
( t j

j!m j

)
, (17)

whence

Vj(t) ∼
t j

j!m j , t→ ∞. (18)

Furthermore, for all a > 0,

lim
t→∞

sup
y≥at

∣∣∣Vj(y) j!m j

y j −1
∣∣∣= 0. (19)

Asymptotic results collected in Lemma 4.3 are extensively used in various proofs, the proof of Theorem
3.1 being the most active consumer.

Lemma 4.3. Let j ∈ N and s≥ 0 satisfy s≥ 2cm j2. Then, for 1≤ k ≤ j,

Vk(s)≤
2sk

k!mk , (20)

k−1

∑
i=0

(
k
i

)
ck−isi

i!mi ≤
2cksk−1

(k−1)!mk−1 . (21)
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and
k−1

∑
i=0

(
k
i

)
ck−isi+1

(i+1)!mi+1 ≤
2csk

(k−1)!mk . (22)

Also, whenever j = j(t) = o(t1/2) as t→ ∞, for any constant a > 0,

lim
t→∞

( j−1)!m j−1

jt j−1

j−2

∑
i=0

(
j
i

)
a j−it i

i!mi = 0 and lim
t→∞

( j−1)!m j−1

jt j−1 ( j−1)
j−2

∑
i=0

(
j−2

i

)
a j−2−it i

i!mi = 0. (23)

Proof. In view of (15), to prove (20) it suffices to show that
k−1

∑
i=0

(
k
i

)
ck−isi

i!mi ≤
sk

k!mk , 1≤ k ≤ j, s≥ 2cm j2.

Using (
k
i

)
≤ k!

i!
≤ kk−i (24)

this follows from

k!mk

sk

k−1

∑
i=0

(
k
i

)
ck−isi

i!mi ≤
k−1

∑
i=0

(
cmk2

s

)k−i

≤
k−1

∑
i=0

(
cmk2

2cm j2

)k−i

=
k

∑
i=1

(
k2

2 j2

)i

≤
∞

∑
i=1

2−i = 1, (25)

because k ≤ j.
While inequality (21) was proved in Proposition 4.1 of [5], the proof of inequality (22) is analogous.
We only check the first part of (23), the proof of the other part being similar. Invoking (24) we obtain

( j−1)!m j−1

jt j−1

j−2

∑
i=0

(
j
i

)
a j−it i

i!mi ≤ a
j−2

∑
i=0

(a j2

mt

) j−1−i
≤ (a j)2

mt

(
1− a j2

mt

)−1
→ 0, t→ ∞.

�

Our next technical result is needed for the proof of Theorem 3.2.

Lemma 4.4. Assume that Eξ 2 < ∞ and Eη < ∞. Let j = j(t)→ ∞ and j(t) = o(t1/2) as t→ ∞. Then

lim
T→∞

limsup
t→∞

j1/2( j−1)!m j

t j−1/2

∫
(Tt/ j, t]

y1/2dy(−Vj−1(t− y)) = 0.

Proof. Integration by parts yields∫
(Tt/ j, t]

y1/2dy(−Vj−1(t− y)) =Vj−1(t(1−T/ j))(Tt/ j)1/2 +2−1
∫ t

Tt/ j
Vj−1(t− y)y−1/2dy.

By (19),

j1/2( j−1)!m j

t j−1/2 Vj−1(t(1−T/ j))(Tt/ j)1/2 ∼ mT 1/2(1−T/ j) j−1 → mT 1/2e−T , t→ ∞.

The right-hand side converges to 0 as T → ∞. Using (15) we obtain

j1/2( j−1)!m j

t j−1/2

∫ t

Tt/ j
Vj−1(t− y)y−1/2dy≤ j1/2m

t j−1/2

∫ t

Tt/ j
(t− y) j−1y−1/2dy

+
j1/2( j−1)!m j

t j−1/2

j−2

∑
i=0

(
j−1

i

)
c j−1−i

i!mi

∫ t

Tt/ j
(t− y)iy−1/2dy =: A j(t)+B j(t).
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Further, by Lebesgue’s dominated convergence theorem,

A j(t) = m

∫ j

T
(1− y/ j) j−1y−1/2dy → m

∫
∞

T
e−yy−1/2dy, t→ ∞,

and the right-hand side converges to 0 as T → ∞. It suffices to show that limt→∞ B j(t) = 0. This is done as
follows:

B j(t)≤ T−1/2 j( j−1)!m j

t j

j−2

∑
i=0

(
j−1

i

)
c j−1−it i+1

(i+1)!mi (1−T/ j)i+1 ≤ T−1/2m
j−2

∑
i=0

(cm j2

t

) j−1−i

≤ cm2 j2

T 1/2t

(
1− cm j2

t

)−1
→ 0, t→ ∞.

We have used (24) for the second inequality. �

Lemmas 4.5 and 4.6 provide ‘light versions’ of the key renewal theorem for the intermediate generations.

Lemma 4.5. Let f : [0,∞)→ [0,∞) be a directly Riemann integrable (dRi) function on [0,∞) and j = j(t)→
∞, j(t) = o(t1/2) as t→ ∞. Assume that m< ∞. Then

( f ∗Vj)(t) =
∫
[0, t]

f (t− y)dVj(y) = O(Vj−1(t)) = O
( t j−1

( j−1)!m j

)
, t→ ∞. (26)

Proof. For t ≥ 0, put g(t) :=
∫
[0, t] f (t− y)dV (y). Then, for t ≥ 0,

( f ∗Vj)(t) = ( f ∗ (V ∗Vj−1))(t) = (( f ∗V )∗Vj−1)(t) = (g∗Vj−1)(t) =
∫
[0, t]

g(t− y)dVj−1(y).

By Lemma 9.1, g(t)≤ a for some a > 0 and all t ≥ 0, and the first asymptotic relation in (26) follows. The
second is a consequence of (19). �

Lemma 4.6. Let j = j(t)→ ∞ and j(t) = o(t1/2) as t→ ∞ and assume that m< ∞. Then∫
(t,∞)

et−ydVj(y) = O(Vj−1(t)) = O
( t j−1

( j−1)!m j

)
, t→ ∞.

Proof. Let h : R→ [0,∞) be a dRi function on (−∞,0] satisfying h(t) = 0 for t > 0. We start as in the proof
of Lemma 4.5: for t ≥ 0,∫

(t,∞)
h(t− y)dVj(y) = (h∗Vj)(t) = ((h∗V )∗Vj−1)(t) =

∫
R
(h∗V )(t− y)dVj−1(y)

=
∫
[0, t]

h1(t− y)dVj−1(y)+
∫
(t,∞)

h2(t− y)dVj−1(y),

where h1(t) :=
∫
(t,∞) h(t−y)dV (y) and h2(t) :=

∫
[0,∞) h(t−y)dV (y) for t ∈R. By Lemma 9.1, h1(t)≤ b for

some b > 0 and all t ≥ 0, whence∫
[0, t]

h1(t− y)dVj−1(y) = O(Vj−1(t)), t→ ∞.

From now on we put h(t) = et
1(−∞,0](t) and note that the previous centered formula holds true for such h.

Further, setting ρ := Ee−η(1−Ee−ξ )−1 we obtain h2(t) = et ∫
[0,∞) e−ydV (y) = ρet for t ≤ 0, whence∫

(t,∞)
h2(t− y)dVj−1(y) = ρ

∫
(t,∞)

et−ydVj−1(y) =−ρVj−1(t)+ρ

∫
∞

t
et−yVj−1(y)dy =: ρC j(t)
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for t ≥ 0. In view of (19), given ε > 0 we have for large enough t

0≤C j(t)≤−Vj−1(t)+(1+ ε)
∫

∞

t
et−y y j−1

( j−1)!m j−1 dy =−Vj−1(t)+
1+ ε

m j−1

j−1

∑
i=0

t i

i!
.

Using

Vj−1(t) ∼
t j−1

( j−1)!m j−1 , t→ ∞

(see (19)) and
j−1

∑
i=0

t i

i!
∼ t j−1

( j−1)!
, t→ ∞

and sending first t→ ∞ and then ε → 0+ we infer

lim
t→∞

C j(t)
Vj−1(t)

= 0.

The proof of Lemma 4.6 is complete. �

5. PROOF OF THEOREM 3.1

The proof is a simplified version of the proof of Lemma 4.3 in [5]. The improvement consists of using
asymptotic relations rather than precise formulae.

For j ∈ N and t ≥ 0, put D j(t) := VarN j(t) and

I j(t) := E
(

∑
r≥1

Vj−1(t−Tr)1{Tr≤t}−Vj(t)
)2

with the convention that V0(t) = 1 for t ≥ 0. Our starting point is the recursive formula which is a conse-
quence of (8): for j ≥ 2 and t ≥ 0,

D j(t) = E
(

∑
r≥1

(
N(r)

j−1(t−Tr)−Vj−1(t−Tr)
)
1{Tr≤t}

)2

(27)

+ E
(

∑
r≥1

Vj−1(t−Tr)1{Tr≤t}−Vj(t)
)2

=
∫
[0, t]

D j−1(t− y)dV (y)+ I j(t).

Starting with D1(t) = I1(t) and iterating (27) we obtain∫
[0, t]

D j−1(t− y)dV (y) =
j−1

∑
k=1

∫
[0, t]

Ik(t− y)dVj−k(y), j ≥ 2, t ≥ 0. (28)

We intend to prove that whenever j = j(t)→ ∞ and j(t) = o(t1/2) as t→ ∞,∫
[0, t]

D j−1(t− y)dV (y) = O
( t2 j−2

( j−2)!( j−1)!m2 j−2

)
, t→ ∞. (29)

To this end we use a two-step procedure. First, we show that I j is bounded from above by a nonnegative and
nondecreasing function h j, say, and that the corresponding inequality is valid for all nonnegative arguments.
This leads by virtue of (28) to a useful inequality for D j which holds for all nonnegative arguments. Second,
we obtain an upper bound for h j (and for D j) which is valid for large arguments.
STEP 1. Throughout this step all formulae hold true for any j ∈ N and all t ≥ 0 (we do not indicate this
explicitly).



ON INTERMEDIATE LEVELS OF NESTED OCCUPANCY SCHEME 10

We start with

E ∑
r≥2

∑
1≤i<r

Vj−1(t−Ti)1{Ti≤t}Vj−1(t−Tr)1{Tr≤t}

≤ E∑
i≥1

E
(
Vj−1(t−Ti)1{Ti≤t}

(
Vj−1(t−ηi+1−Si)1{ηi+1≤t−Si}

+Vj−1(t−ηi+2−ξi+1−Si)1{ηi+2+ξi+1≤t−Si}+ . . .
)
|(ξk,ηk)1≤i≤k

)
1{Si≤t}

= E∑
i≥1

Vj−1(t−Ti)1{Ti≤t}Vj(t−Si)1{Si≤t} ≤ E∑
i≥0

Vj−1(t−Si)Vj(t−Si)1{Si≤t} .

Hence,

I j(t) = E ∑
r≥1

V 2
j−1(t−Tr)1{Tr≤t}+2E ∑

r≥2
∑

1≤i<r
Vj−1(t−Ti)1{Ti≤t}Vj−1(t−Tr)1{Tr≤t}−V 2

j (t)

≤Vj−1(t)E ∑
r≥1

Vj−1(t−Tr)1{Tr≤t}+2
∫
[0, t]

Vj−1(t− y)Vj(t− y)dU(y)−V 2
j (t)

=Vj−1(t)Vj(t)+2
∫
[0, t]

Vj−1(t− y)Vj(t− y)dU(y)−V 2
j (t). (30)

Put Ũ(t) := ∑i≥1P{Si ≤ t} for t ≥ 0 and note that, in view of (12) and Wald’s identity,

|Ũ(t)−m−1t| ≤ c̃ := c0 +1.

With this at hand integration by parts yields∫
[0, t]

Vj−1(t− y)Vj(t− y)dU(y) =Vj−1(t)Vj(t)+
∫
[0, t]

Vj−1(t− y)Vj(t− y)dŨ(y)

=Vj−1(t)Vj(t)+
∫
[0, t]

Ũ(t− y)d(Vj−1(y)Vj(y))≤ (c̃+1)Vj−1(t)Vj(t)+m−1
∫ t

0
Vj−1(y)Vj(y)dy,

whence, by (30),

I j(t)≤ (2c̃+3)Vj−1(t)Vj(t)+2m−1
∫ t

0
Vj−1(y)Vj(y)dy−V 2

j (t).

Invoking (15) we obtain

2m−1
∫ t

0
Vj−1(y)Vj(y)dy≤ 2m−1

∫ t

0

( y j−1

( j−1)!m j−1 +
j−2

∑
i=0

(
j−1

i

)
c j−1−iyi

i!mi

)( y j

j!m j +
j−1

∑
i=0

(
j
i

)
c j−iyi

i!mi

)
dy

≤ t2 j

( j!)2m2 j +2
j−2

∑
i=0

(
j−1

i

)
c j−1−it j+1+i

( j+1+ i) j!i!m j+1+i +2
j−1

∑
i=0

(
j
i

)
c j−it j+i

( j+ i)( j−1)!i!m j+i

+2
( j−2

∑
i=0

(
j−1

i

)
c j−1−it i

i!mi

)∫ t

0

j−1

∑
i=0

(
j
i

)
c j−iyi

i!mi+1 dy

=:
t2 j

( j!)2m2 j + f j(t) (31)

Another appeal to (15) yields

V 2
j (t) −

t2 j

( j!)2m2 j =
(

Vj(t) +
t j

j!m j

)(
Vj(t) −

t j

j!m j

)
≥ −

(
Vj(t) +

t j

j!m j

) j−1

∑
i=0

(
j
i

)
c j−it i

i!mi =: −g j(t).



ON INTERMEDIATE LEVELS OF NESTED OCCUPANCY SCHEME 11

It is important for what follows that both f j and g j are nonnegative nondecreasing functions. Combining
pieces together we infer

I j(t)≤ (2c̃+3)Vj−1(t)Vj(t)+ f j(t)+g j(t) =: h j(t) (32)

and thereupon

D j−1(t) =
j−1

∑
k=1

∫
[0, t]

Ik(t− y)dVj−k−1(y)≤ h j−1(t)+
j−2

∑
k=1

hk(t)Vj−k−1(t), j ≥ 2, t ≥ 0,

for h j is a nondecreasing function.
STEP 2. Fix now j ∈ N and s ≥ 0 satisfying s ≥ 2cm j2 and let 1 ≤ k ≤ j. Throughout this step we tacitly
assume that all formulae hold true for this range of parameters. By (20),

Vk−1(s)Vk(s)≤
4s2k−1

(k−1)!k!m2k−1 ≤
4s2k−1

((k−1)!)2m2k−1 .

Our next task is to show that

fk(s)≤
12cs2k−1

((k−1)!)2m2k−1 .

While the second and third summands in the definition of fk (see (31)) are estimated with the help of (21),
the fourth summand is dealt with as follows:

2
( k−2

∑
i=0

(
k−1

i

)
ck−1−isi

i!mi

)( k−1

∑
i=0

(
k
i

)
ck−isi+1

(i+1)!mi+1

)
≤ 2

2c(k−1)sk−2

(k−2)!mk−2
2csk

(k−1)!mk =
8c2s2k−2

((k−2)!)2m2k−2 ≤
4cs2k−1

((k−1)!)2m2k−1 .

Here, we have used (21) and (22) to bound the first and second factor, respectively, and the inequality
s≥ 2cm(k−1)2 for the last passage. Finally,

gk(s)≤
6cs2k−1

((k−1)!)2m2k−1

by (20) and (21). Summarizing, we have shown that

hk(s)≤
As2k−1

((k−1)!)2m2k−1 , (33)

where A := 12+8c̃+18c.
Further, we obtain, for s≥ 2max(c,1)m j2 =: a j,

D j−1(s)≤ h j−1(s)+
j−2

∑
k=1

hk(s)Vj−k−1(s)

≤ As2 j−3

(( j−2)!)2m2 j−3 +2A
j−2

∑
k=1

s j−2+k

( j− k−1)!((k−1)!)2m j−2+k

=
As2 j−3

(( j−2)!)2m2 j−3

(
1+2

j−2

∑
k=1

(
j−2
k−1

)
( j−2)!
(k−1)!

(m
s

) j−k−1)
≤ As2 j−3

(( j−2)!)2m2 j−3

(
1+2

m j2

s

(
1− m j2

s

)−1)
≤ 3As2 j−3

(( j−2)!)2m2 j−3 . (34)
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Here, the first inequality is just formula (32), the second inequality follows from (20) and (33), and the
penultimate inequality is a consequence of (24).

We are ready to prove relation (29). To this end, let j = j(t)→ ∞ and j(t) = o(t1/2) as t → ∞. Noting
that the inequality t ≥ a j holds then true for large enough t we obtain∫

[0, t]
D j−1(t− y)dV (y) =

∫
[0, t−a j ]

D j−1(t− y)dV (y)+
∫
(t−a j , t]

D j−1(t− y)dV (y)

≤ 3A
(( j−2)!)2m2 j−3

∫
[0, t]

(t− y)2 j−3dV (y)+

(
max

s∈[0,a j ]
D j−1(s)

)
U(a j)

≤ 3At2 j−2

2( j−2)!( j−1)!m2 j−2 +
3Act2 j−3

(( j−2)!)2m2 j−3 +

(
max

s∈[0,a j ]
D j−1(s)

)
U(a j)

having utilized (34) and (51) for the first inequality and integration by parts together with (10) for the second.
It is clear that

3Act2 j−3

(( j−2)!)2m2 j−3 = o
( t2 j−2

( j−2)!( j−1)!m2 j−2

)
, t→ ∞.

Further,

max
s∈[0,a j ]

D j−1(s)U(a j)≤ (D j−1(a j)+V 2
j−1(a j))U(a j)≤

( 3Aa2 j−3
j

(( j−2)!)2m2 j−3 +
4a2 j−2

j

(( j−1)!)2m2 j−2

)
U(a j),

where the second inequality follows from (20) and (34). By the elementary renewal theorem, with a =
2max(c,1)m,

( j−2)!( j−1)!m2 j−2

t2 j−2

a2 j−2
j

(( j−1)!)2m2 j−2 U(a j) ∼
(a j2

t

)2 j−2 a j
m
→ 0, t→ ∞

because (a j2/t)2 j−2 converges to 0 faster than any negative power of j. Similarly,

( j−2)!( j−1)!m2 j−2

t2 j−2

a2 j−3
j

(( j−2)!)2m2 j−3 U(a j) ∼
(a j2

t

)2 j−2
j → 0, t→ ∞.

Thus,

max
s∈[0,a j ]

D j−1(s)U(a j) = o
( t2 j−2

( j−2)!( j−1)!m2 j−2

)
,

and (29) follows.
In view of Markov’s inequality convergence in probability to zero in Theorem 3.1 follows from

lim
t→∞

b j(t)c((b j(t)c−1)!)2

m−2b j(t)ct2b j(t)c−1 E
(

Nb j(t)c(t)−∑
r≥1

Vb j(t)c−1(t−Tr)1{Tr≤t}

)2
= 0

which is ensured by (27) and (29). The proof of Theorem 3.1 is complete.

6. PROOF OF THEOREM 3.2

We start with a couple of lemmas. As usual, we denote by D the Skorokhod space of right-continuous
functions defined on [0,∞) with finite limits from the left at positive points.
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Lemma 6.1. Under the assumptions and notation of Theorem 3.2, as t→ ∞,(N(ut)−V (ut)
(s2m−3t)1/2

)
u≥0
⇒ (B(u))u≥0 (35)

in the J1-topology on D.

Proof. According to part (B1) of Theorem 3.2 in [1](N(ut)−m−1 ∫ ut
0 G(y)dy

(s2m−3t)1/2

)
u≥0
⇒ (B(u))u≥0, t→ ∞. (36)

In view of (11), relation (35) is an immediate consequence. �

Lemma 6.2. Under the assumptions and notation of Theorem 3.2,

lim
t→∞

t−1/2E|N(t)−V (t)|= s2m−3E|B(1)|.

Proof. A specialization of (36) with u = 1 reads
N(t)−V (t)
(s2m−3t)1/2

d−→ B(1), t→ ∞. (37)

By Lemma 4.2(b) in [9], E(N(t)−V (t))2 = O(t) as t → ∞ which ensures that the family (t−1/2(N(t)−
V (t)))t≥1 is uniformly integrable. This together with (37) completes the proof. �

The last result that we need is a slight reformulation of Lemma A.5 in [10].

Lemma 6.3. Let 0 ≤ a < b < ∞ and, for each n ∈ N, yn : [0,∞)→ [0,∞) be a right-continuous bounded
and nondecreasing function. Assume that limn→∞ xn = x in the J1-topology on D and that, for each t ≥ 0,
limn→∞ yn(t) = y(t), where y : [0,∞)→ [0,∞) is a bounded continuous function. Then

lim
n→∞

∫
[a,b]

xn(t)dyn(t) =
∫
[a,b]

x(t)dy(t).

Proof of Theorem 3.2. For notational simplicity we shall write j for j(t). According to the Cramér-Wold
device it suffices to show that for any ` ∈ N, any real α1, . . . ,α` and any 0 < u1 < .. . < u` < ∞, as t→ ∞,

`

∑
i=1

αi
j1/2(b juic−1)!Z( jui, t)
(s2m−2b juic−1t2b juic−1)1/2

d−→
`

∑
i=1

αiui

∫
∞

0
B(y)e−uiydy, (38)

where
Z( ju, t) := ∑

r≥1
Vb juc−1(t−Tr)1{Tr≤t}−Vb juc(t).

We have for any u,T > 0 and sufficiently large t

j1/2(b juc−1)!Z( ju, t)
(s2m−2b juc−1t2b juc−1)1/2 =

j1/2(b juc−1)!
(s2m−3t2b juc−1)1/2

∫
[0, t]

Vb juc−1(t− y)d(N(y)−V (y))

=
(b juc−1)!mb juc−1

tb juc−1

∫
[0,T ]

N(yt/ j)−V (yt/ j)
(s2m−3t/ j)1/2 dy(−Vb juc−1(t(1− y/ j)))

+
j1/2(b juc−1)!

(s2m−2b juc−1t2b juc−1)1/2

∫
(Tt/ j, t]

(N(y)−V (y))dy(−Vb juc−1(t− y)).

By Lemma 6.1, (N(ut/ j)−V (ut/ j)
(s2m−3t/ j)1/2

)
u≥0
⇒ (B(u))u≥0
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in the J1-topology on D. Here, we have used the assumption t/ j(t)→ ∞. By Skorokhod’s representation
theorem there exist versions N̂t and B̂ of ((N(ut/ j)−V (ut/ j))/(s2m−3t/ j)1/2)u≥0 and B, respectively such
that

lim
t→∞

sup
y∈[0,T ]

∣∣∣N̂t(y)− B̂(y)
∣∣∣= 0 a.s. (39)

for all T > 0. In view of (19),

(b juc−1)!mb juc−1

tb juc−1 Vb juc−1(t(1− y/ j)) ∼ (1− y/ j)b juc−1 → e−uy, t→ ∞

for each fixed y≥ 0. By Lemma 6.3, this in combination with (39) yields

lim
t→∞

`

∑
i=1

αi
(b juc−1)!mb juc−1

tb juc−1

∫ T

0
N̂t(y)dy(−Vb juc−1(t(1− y/ j))) =

`

∑
i=1

αiui

∫ T

0
B̂(y)e−uiydy a.s.

and thereupon

`

∑
i=1

αi
(b juc−1)!mb juc−1

tb juc−1

∫
[0,T ]

N(yt/ j)−V (yt/ j)
(s2m−3t/ j)1/2 dy(−Vb juc−1(t(1− y/ j))) d−→

`

∑
i=1

αiui

∫ T

0
B(y)e−uiydy,

as t → ∞. Since limT→∞ ∑
`
i=1 αiui

∫ T
0 B(y)e−uiydy = ∑

`
i=1 αiui

∫
∞

0 B(y)e−uiydy a.s. we are left with proving
that

lim
T→∞

limsupt→∞P
{∣∣∣∣ `

∑
i=1

αi
j1/2(b juic−1)!mb juc

tb juic−1/2

∫
(Tt/ j, t]

(N(y)−V (y))d(−Vb juc−1(t− y))
∣∣∣∣> ε

}
= 0

for all ε > 0. This limit relation is ensured by Markov’s inequality and Lemma 4.4 because, by Lemma 6.2,
E|N(y)−V (y)| ∼ sm−3/2E|B(1)|y1/2 as y→ ∞. The proof of Theorem 3.2 is complete. �

7. PROOF OF THEOREM 2.1

Throughout the proof of Theorem 2.1 we assume that T is a perturbed random walk generated by (ξ ,η) =
(| logW |, | log(1−W )|), so that, for j ∈ N and n ∈ N,

Eρ j(n) = E

(
∑
|u|= j

1{| logP(u)|≤logn}

)
=Vj(logn).

Formula (6) is a consequence of this equality and (18). We shall use a decomposition

Kn(b jnuc)−Eρb jnuc(n) = Kn(b jnuc)−Vb jnuc(logn) = (Kn(b jnuc)−ρb jnuc(n))

+
(

ρb jnuc(n)−∑
r≥1

Vb jnuc−1(logn−Tr)1{Tr≤logn}

)
+ ∑

r≥1
Vb jnuc−1(logn−Tr)1{Tr≤logn}−Vb jnuc(logn)

=: Y1(n,u)+Y2(n,u)+Y3(n,u).

It suffices to check that, as n→ ∞, for every u > 0,

b jnc1/2(b jnuc−1)!Yi(n,u)
µ−b jnuc(logn)b jnuc−1/2

P−→ 0; (40)



ON INTERMEDIATE LEVELS OF NESTED OCCUPANCY SCHEME 15

for i = 1,2 and (
b jnc1/2(b jnuc−1)!Y3(n,u)

(σ2µ−2b jnuc−1(logn)2b jnuc−1)1/2

)
u>0

f.d.d.−→
(∫

[0,∞)
e−uydB(y)

)
u>0

. (41)

Formulae (40) with i = 2 and (41) follow from Theorems 3.1 and 3.2, respectively, in which we replace
t with logn and choose any positive function t 7→ j(t) satisfying j(logn) = jn and j(t) = o(t1/2) as t → ∞.
Note that s2 = σ2 and m= µ .

In view of Markov’s inequality, relation (40) with i = 1 follows if we can prove that, for fixed u > 0,

lim
n→∞

b jnc1/2(b jnuc−1)!E
∣∣Kn(b jnuc)−ρb jnuc(n)

∣∣
µ−b jnuc(logn)b jnuc−1/2 = 0. (42)

In Section 6 of [5], see the top of page 21, it was shown that, for fixed u > 0,

E
∣∣Kn(b jnuc)−ρb jnuc(n)

∣∣≤ n
∫
(n,∞)

x−1dEρb jnuc(x)+
∫
[1,n]

e−n/xdEρb jnuc(x).

By Lemma 4.6 applied in the particular setting (ξ ,η) = (| logW |, | log(1−W )|) in which Vb jnuc(logx) =
Eρb jnuc(x) for x≥ 1 and m= µ , we obtain, as n→ ∞,

n
∫
(n,∞)

x−1dEρb jnuc(x) =
∫
(logn,∞)

elogn−xdVb jnuc(x) = O(Vb jnuc−1(logn)) = O
( (logn)b jnuc−1

(b jnuc−1)!µb jnuc−1

)
,

for every fixed u > 0. In the same vein, applying Lemma 4.5 with f (x) = e−ex
we have∫

[1,n]
e−n/xdEρb jnuc(x) =

∫
[0, logn]

e−elogn−x
dVb jnuc(x) = O(Vb jnuc−1(logn)) = O

( (logn)b jnuc−1

(b jnuc−1)!µb jnuc−1

)
,

for every fixed u > 0, as n→ ∞. In both lemmas we have chosen any positive function t 7→ j(t) satisfying
j(logn) = jn and j(t) = o(t1/2) as t → ∞. Therefore, formula (42) is justified and this finishes the proof of
Theorem 2.1.

Remark 7.1. Here is the promised intuition supporting our conjecture formulated in (4). According to
formulae (40), (41) and (42) it is plausible that

Kn( jn)
Vjn(logn)

P→ 1, n→ ∞

also holds for jn growing faster than (logn)1/2. If this is indeed true, (4) follows once we can check the
asymptotic relation

Vj(t) ∼
t j

m j j!
exp

(
r−1

∑
k=2

γ ′k jk

tk−1

)
, t→ ∞ whenever j(t) = o(t1−1/r) (43)

for some real constants γ ′k. Note that for j(t) = o(t1/2) the exponent vanishes in full agreement with (18).
Under additional moment assumptions, formula (43) was confirmed for r = 3 in Theorem 2.2 of the recent
paper [3]. Direct calculations available in some particular cases (see, for instance, Proposition 3.3 and
Remark 3.1 in [3]) have led us to conjecture (43), which, however, still remains open. We stress that the
methods used in [3] for the proof of (43) in case r = 3 are completely different from those used in the present
paper, which are only suitable for the range j(t) = o(t1/2).
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8. PROOF OF PROPOSITION 2.5

Proposition 2.5 will be deduced from the following result.

Proposition 8.1. Assume that the distribution of ξ has an absolutely continuous component, Eeβ1ξ < ∞,
Eeβ2η < ∞ for some β1,β2 > 0 and

γ :=
Eξ 2

2m2 −
Eη

m
> 0.

Then

Vj(t)−
t j

j!m j ∼
γ jt j−1

( j−1)!m j−1 , t→ ∞ (44)

whenever j = j(t) = o(t1/2) as t→ ∞ ( j is allowed to be fixed).

Proof. We intend to prove that∣∣∣Vj(t)−
j

∑
i=0

(
j
i

)
γ j−it i

i!mi

∣∣∣≤ Ã( j−1)
j−2

∑
i=0

(
j−2

i

)
c j−2−it i

i!mi , j ≥ 2, t ≥ 0

with the constant c defined in (10) and a constant Ã > 0 to be defined below. This together with (23) entails∣∣∣Vj(t)−
t j

j!m j −
γ jt j−1

( j−1)!m j−1

∣∣∣= o
( jt j−1

( j−1)!m j−1

)
, t→ ∞,

whence (44).
It is convenient to define V0(t) := 1 for t ≥ 0. By Lemma 9.2,

V (t) = m−1t + γ +T (t), t ≥ 0,

where T satisfies (55), that is,
|T (t)| ≤C0e−β0t , t ≥ 0

for some C0 > 0 and β0 ∈ (0,min(β1,β2)).
Using this we obtain, for j ∈ N and t ≥ 0,

Vj(t) =
∫
[0, t]

V (t− y)dVj−1(y) = m−1
∫ t

0
Vj−1(y)dy+ γVj−1(t)+

∫
[0, t]

T (t− y)dVj−1(y).

For j ∈ N and t ≥ 0, put

Wj(t) :=
j

∑
i=0

(
j
i

)
t iγ j−i

i!mi

and Tj(t) :=Vj(t)−Wj(t). Note that, for t ≥ 0, T0(t) = 0 and T1(t) = T (t). We shall prove below that

Wj(t) = m−1
∫ t

0
Wj−1(y)dy+ γWj−1(t), j ∈ N, t ≥ 0, (45)

and thereupon

Tj(t) = m−1
∫ t

0
Tj−1(y)dy+ γTj−1(t)+

∫
[0, t]

T (t− y)dVj−1(y), j ∈ N, t ≥ 0. (46)

In view of (55) we have∣∣∣∫
[0, t]

T (t− y)dV (y)
∣∣∣≤C0

∫
[0, t]

e−β0(t−y)dV (y)≤ Ã1, t ≥ 0,
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for some Ã1 > 0. Here, the last inequality follows from Lemma 9.1 because the function t 7→C0e−β0t is dRi
on [0,∞). Thus, by (46)

|T2(t)| ≤C0(mβ0)
−1 + γC0 + Ã1 =: Ã2, t ≥ 0, (47)

and also, see the proof of Lemma 4.6 for an accurate argument,∣∣∣∫
[0, t]

T (t− y)dVi(y)
∣∣∣≤ Ã3Vi−1(t), i ∈ N, t ≥ 0, (48)

for some Ã3 > 0. We shall show with the help of the mathematical induction that recursive equation (46)
entails

|Tj(t)| ≤ Ã( j−1)
j−2

∑
i=0

(
j−2

i

)
c j−2−it i

i!mi , j ≥ 2, t ≥ 0, (49)

where Ã := max(Ã2, Ã3)> 0. Observe that this gives the inequality stated at the very beginning of the proof.

|Tk(t)| ≤ m−1
∫ t

0
|Tk−1(y)|dy+ γ|Tk−1(t)|+

∣∣∣∫
[0, t]

T (t− y)dVk−1(y)
∣∣∣

≤ Ã
(
(k−2)

k−3

∑
i=0

(
k−3

i

)
ck−3−it i+1

(i+1)!mi+1 +(k−2)
k−3

∑
i=0

(
k−3

i

)
ck−2−it i

i!mi +Vk−2(t)
)

≤ Ã
(
(k−2)

tk−2

(k−2)!mk−2 +(k−2)
k−3

∑
i=1

(
k−3
i−1

)
ck−2−it i

i!mi +(k−2)ck−2

+(k−2)
k−3

∑
i=1

(
k−3
i−1

)
ck−2−it i

i!mi + ck−2 +
tk−2

(k−2)!mk−2 +
k−3

∑
i=1

(
k−2

i

)
ck−2−it i

i!mi

)
= Ã(k−1)

(
ck−2 +

tk−2

(k−2)!mk−2 +
k−3

∑
i=1

(
k−2

i

)
ck−2−it i

i!mi

)
= Ã(k−1)

k−2

∑
i=0

(
k−2

i

)
ck−2−it i

i!mi ,

thereby completing the induction. We have used γ ≤ c (the limit of a function does not exceed its supremum)
and (48) for the first inequality, (15) for the second inequality, and(

k−3
i−1

)
+

(
k−3

i

)
=

(
k−2

i

)
(50)

for the penultimate equality.
It remains to check (45). Using once again (50) with k = j+2 we obtain, for j ∈ N and t ≥ 0,

m−1
∫ t

0
Wj−1(y)dy+ γWj−1(t) =

t j

j!m j +
j−1

∑
i=1

(
j−1
i−1

)
γ j−it i

i!mi + γ
j +

j−1

∑
i=1

(
j−1

i

)
γ j−it i

i!mi

= γ
j +

j−1

∑
i=1

(
j
i

)
γ j−it i

i!mi +
t j

j!m j =Wj(t).

�

Proof of Proposition 2.5. Assume that the distribution of (ξ ,η) satisfies the assumptions of Proposition 8.1.
Then, by (44),

j1/2( j−1)!
m− jt j−1/2

(
Vj(t)−

t j

j!m j

)
∼ mγ j3/2

t1/2 , t→ ∞

whenever j = j(t) = o(t1/2) as t→ ∞. Thus, the limit of the left-hand side is equal to mγα3/2 provided that
j = j(t)∼ αt1/3 as t→ ∞, whereas the limit is +∞ provided that limt→∞ t−1/3 j(t) = ∞. �
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Now Proposition 2.5 follows by setting (ξ ,η) = (| logW |, | log(1−W )|) which results in Vj(logn) =
Eρ j(n) and m = µ and then replacing t with logn and choosing any positive function t 7→ j(t) that satisfies
j(logn) = jn.

Example 8.2 (GEM distribution). Assume that P{W ∈ dx} = θxθ−1
1(0,1)(x)dx for some θ > 0. Then ξ

has a nonlattice distribution, namely, the exponential distribution of mean θ−1. Further, both ξ and η have
some finite exponential moments and

Eη =
∫ 1

0

1− xθ

1− x
dx.

Therefore,

γ = γ(θ) = 1−θ

∫ 1

0

1− xθ

1− x
dx

is positive if and only if θ ∈ (0,1). Thus, all the assumptions of Proposition 8.1 hold for θ ∈ (0,1). As a
consequence, the conclusion of Proposition 2.5 holds true for the beta (θ ,1) distribution, with θ ∈ (0,1).

9. APPENDIX

In this section we shall prove a counterpart for perturbed random walks of a ‘light’ version of the key
renewal theorem which applies both in the nonlattice and lattice cases.

Put V (x) := 0 for x < 0. We start by noting that

V (x+ y)−V (x)≤U(y), x,y ∈ R. (51)

Indeed, for x,y≥ 0,

V (x+ y)−V (x) = E(U(x+ y−η)−U(x−η))1{η≤x}+EU(x+ y−η)1{x<η≤x+y} (52)

≤ U(y)(P{η ≤ x}+P{x < η ≤ x+ y})≤U(y)

having utilized subadditivity and monotonicity of U for the penultimate inequality. If x,y< 0, then both sides
of (51) are zero. Finally, we use monotonicity of V to obtain: if x < 0 and y ≥ 0, then V (x+ y)−V (x) =
V (x+ y)≤V (y)≤U(y); and if x≥ 0 and y < 0, then V (x+ y)−V (x)≤ 0 =U(y).

Lemma 9.1. Let f : R→ [0,∞) be a dRi function on R. Then for some r > 0 and all x ∈ R∫
[0,∞)

f (x− y)dV (y)≤ r. (53)

If f is dRi on [0,∞) or (−∞,0], then the range of integration [0, ∞) should be replaced with [0, x] or [x,∞)
and then (53) holds for all x≥ 0 or all x≤ 0, respectively.

Proof. We only prove the claim under the assumption that f is dRi on R. By virtue of the obvious inequality

f (x)≤ ∑
n∈Z

sup
y∈[n−1,n)

f (y)1[n−1,n)(x), x ∈ R

we obtain∫
[0,∞)

f (x− y)dV (y)≤
∫
[0,∞)

∑
n∈Z

sup
y∈[n−1,n)

f (y)1[n−1,n)(x− y)dV (y)

= ∑
n∈Z

sup
y∈[n−1,n)

f (y)(V (x−n+1)−V (x−n))≤U(1) ∑
n∈Z

sup
y∈[n−1,n)

f (y)< ∞.

We have used (51) for the penultimate inequality. Here, the series converges because f is a dRi function on
R. �
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Lemma 9.2. Assume that the distribution of ξ has an absolutely continuous component, Eeβ1ξ < ∞ and
Eeβ2η < ∞ for some β1,β2 > 0. Then

V (t) =
t
m
+
(Eξ 2

2m2 −
Eη

m

)
+T (t), t ≥ 0 (54)

where m= Eξ < ∞ and T satisfies
|T (t)| ≤C0e−β0t , t ≥ 0 (55)

for some C0 > 0 and β0 ∈ (0,min(β1,β2)).

Proof. Put a := Eξ 2/(2m2). According to Theorem 3 on p. 246 in [4],

U(t) = m−1t +a+R(t), t ≥ 0,

where |R(t)| ≤Ce−β t , t ≥ 0 for some C > 0 and β ∈ (0,β1). Using this we obtain

V (t) =
∫
[0, t]

U(t− y)dG(y) =
∫
[0, t]

(m−1(t− y)+a+R(t− y))dG(y) = m−1t +a−m−1Eη

+m−1
∫

∞

t
(1−G(y))dy−a(1−G(t))+

∫
[0, t]

R(t− y)dG(y),

that is, (54) holds with

T (t) := m−1
∫

∞

t
(1−G(y))dy−a(1−G(t))+

∫
[0, t]

R(t− y)dG(y).

It remains to show that T is exponentially bounded. To this end, we first note that manipulating with β and
C we can ensure that β ∈ (0,β2). Then Eeβη < ∞ and 1−G(t)≤C1e−β t , t ≥ 0 for some C1 > 0. With this
at hand,

T (t)≤ m−1
∫

∞

t
(1−G(y))dy+

∫
[0, t]

R(t− y)dG(y)≤ ((mβ )−1C1 +CEeβη)e−β t , t ≥ 0

and
T (t)≥−a(1−G(t))+

∫
[0, t]

R(t− y)dG(y)≥−(C1a+CEe−βη)e−β t , t ≥ 0.

Thus, (55) holds with β0 := β and C0 :=CEe−βη +C1 max((mβ )−1,a). �
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