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Abstract. We prove limit theorems for random walks with n steps in the d-dimensional Eu-

clidean space as both n and d tend to infinity. One of our results states that the path of such a

random walk, viewed as a random metric space with the induced Euclidean metric, converges in

probability in the Gromov-Hausdorff sense to the Wiener spiral, as d,n→∞. Another group of

results describes various possible limit distributions for the squared distance between the ran-

dom walker at time n and the origin.

1. Introduction

The purpose of the present paper is to study asymptotic properties of random walks with n

steps in the d-dimensional space R
d as both parameters, n and d, tend to infinity. To be more

concrete, consider a d-dimensional random walk whose increments are independent identi-

cally distributed (i.i.d.) random vectors with the uniform distribution on the unit sphere S
d−1.

In the regime when the dimension d is fixed and the number of steps n tends to infinity,

Donsker’s invariance principle implies that such random walk converges, after appropriate

normalization, to the d-dimensional Brownian motion. But how does the path of the random

walk look like if d also tends to infinity? It is well known that, as d →∞, the angle between

two independent random vectors sampled uniformly on the unit sphere S
d−1 tends to π/2 in

probability; see [19, Remark 3.2.5] or [18, Theorem 4] for stronger results. This suggests that,

informally speaking, the high-dimensional scaling limit of the random walk should be a curve

(in an infinite dimensional Hilbert space) obtained by gluing together infinitely many mutually

orthogonal infinitesimal increments.

A well-known curve of this type is the Wiener spiral (or the crinkled arc) introduced by Kol-

mogorov [16]. It is defined as the set W := {1[0,t] : 0 ≤ t ≤ 1} of indicator functions of the inter-

vals [0, t], considered as a subset of the Hilbert space L2[0,1] and endowed with the induced L2-

metric. As a metric space, the Wiener spiral is isometric to the interval [0,1] endowed with the

distance d(t, s) =
√
|t − s|. The Wiener spiral can be thought of as a curve (γt)t∈[0,1] := (1[0,t])t∈[0,1]

in the Hilbert space L2[0,1]. It is easy to check that any two “chords” γy −γx and γv −γu with

0 ≤ x < y ≤ u < v ≤ 1 are orthogonal; see [11, Problems 5,6] and [13, 20] for results on the
1
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uniqueness of the curve having this property. If (Bt)t∈[0,1] is a standard Brownian motion de-

fined on some probability space (Ω,F ,P), then the set of random variables {Bt : t ∈ [0,1]},
considered as a deterministic subset of L2(Ω,F ,P), is isometric to the Wiener spiral.

In Section 2 we shall state conditions under which the path of the random walk, viewed

as a random metric space, converges to the Wiener spiral in the Gromov-Hausdorff sense. In

Section 3 we shall state results on the limit distribution of the distance between the random

walker at time n and the origin. Proof are collected in Sections 4 and 5.

The present paper deals with random walks having finite second moments. The case of

random walks with infinite second moment will be treated in the follow-up work [14].

2. Convergence in the Gromov-Hausdorff sense

2.1. Convergence of random walks to the Wiener spiral. For every d ∈N we consider a ran-

dom walk in R
d whose increments X(d)

1 ,X
(d)
2 , . . . are independent copies of a d-dimensional

random vector X(d). The random walk is denoted by

(1) S
(d)
0 := 0, S

(d)
k := X(d)

1 + · · ·+X(d)
k , k ∈N.

The components of the random vectors X(d)
i and S(d)

i are denoted by X(d)
i = (X(d)

i,1 , . . . ,X
(d)
i,d ) and

S
(d)
i = (S(d)

i,1 , . . . ,S
(d)
i,d ), respectively. In what follows, let ‖ · ‖ denote the Euclidean norm in R

d

and let 〈·, ·〉 be the standard inner product in R
d . We impose the following conditions on the

increments, which we assume to hold for all d ∈N.

(a) The increments are centered and normalized, that is

(2) EX(d) = 0, E‖X(d)‖2 = 1.

(b) The components of X(d) are mutually uncorrelated, that is,

(3) E[X(d)
i,j X

(d)
i,k ] = 0, j,k ∈ {1, . . . ,d}, j , k, i ∈N.

(c) The sequence (‖X(d)‖2)d∈N is uniformly integrable, that is

(4) lim
A→∞

sup
d∈N

E

[
‖X(d)‖21{‖X(d)‖2>A}

]
= 0.

(d) The individual components of X(d) are negligible in the following sense:

(5) lim
d→∞

max
k=1,...,d

E(X(d)
1,k )2 = 0.

Example 2.1 (Increments with i.i.d. components). Let ξ1,ξ2, . . . be i.i.d. random variables with

Eξ1 = 0, Eξ2
1 = 1. If we put X(d) := (ξ1, . . . ,ξd)/

√
d, then conditions (a)–(d) are satisfied.
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Example 2.2 (Rotationally invariant increments). Let X(d) be a random vector in R
d with ro-

tationally invariant distribution. This means that X(d) = R(d)U (d), where U (d) is uniformly

distributed on the unit sphere in R
d , and R(d) ≥ 0 is a random variable independent of U (d).

If E(R(d))2 = 1 for all d ∈ N and the sequence ((R(d))2)d∈N is uniformly integrable, then con-

ditions (a)–(d) are satisfied. In particular, (R(d))d∈N are allowed to be identically distributed

(with finite second moment).

Example 2.3 (Random walks jumping along the coordinate axes). The following model gen-

eralizes the simple random walk on Z
d . Let e1, . . . , ed denote the standard orthonormal ba-

sis of R
d and let V (d) be a random vector distributed uniformly on the set {e1, . . . , ed}, that is

P[V (d) = ej ] = 1/d for all j ∈ {1, . . . ,d}. Put X(d) := R(d)V (d), where R(d) is a random variable

which is independent of V (d) and satisfies ER(d) = 0 and E(R(d))2 = 1, for all d ∈N. If the se-

quence ((R(d))2)d∈N is uniformly integrable, then conditions (a)–(d) are satisfied. In particular,

taking R(d) to be uniformly distributed on {+1,−1}, we recover the simple symmetric random

walk on Z
d .

Let n = n(d) be an arbitrary sequence of positive integers such that n(d) → ∞, as d → ∞.

By default, the notation d → ∞ implies that also n = n(d) → ∞. We regard the image of the

random walk with n steps in R
d as a finite random metric space. More precisely, let Md be the

metric space consisting of the points

(6) 0,S(d)
1 /
√
n, . . . ,S

(d)
n /
√
n

and endowed with the metric induced by the Euclidean metric on R
d . Our first main result

states that, with probability converging to 1 as d →∞, the random metric space Md becomes

close, in the sense of the Gromov-Hausdorff distance to be defined below, to the Wiener spiral

W defined in Section 1. Note that W is a deterministic metric space meaning that, in the high-

dimensional limit, the random walk “freezes” (i.e., loses its randomness).

The Gromov-Hausdorff distance dGH (E1,E2) between two compact metric spaces E1 and E2

is defined as the infimum of dH (ϕ1(E1),ϕ2(E2)), where the infimum is taken over all metric

spaces (M,ρ) and all isometric embeddings ϕ1 : E1→M and ϕ2 : E2→M, and dH denotes the

Hausdorff distance between compact subsets of M defined by

dH (A,B) = inf{r > 0 : A ⊂Ur(B),B ⊂Ur(A)}.

Here, Ur(A) = {m ∈ M : ρ(A,m) < r} is the r-neighborhood of A in M. For details, we refer to

Chapter 7 of [3]. It is known that the set of isometry classes of compact metric spaces, endowed
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with the Gromov-Hausdorff distance, becomes a complete separable metric space, called the

Gromov-Hausdorff space. We are now ready to state our first result.

Theorem 2.4. Let n = n(d) be an arbitrary sequence of positive integers such that n(d) → ∞, as

d→∞. Suppose that conditions (a)–(d) are fulfilled. Then, as d→∞, the random metric space Md ,

considered as a random point in the Gromov-Hausdorff space, converges in probability to the Wiener

spiral W . That is to say, for every ε > 0,

lim
d→∞

P[dGH(Md ,W ) > ε] = 0.

The proof of Theorem 2.4 will be given in Sections 4.1 and 4.2. We shall also verify that the

claim stays in force if Md is replaced by the polygonal line interpolating consecutive points

in (6), that is, for the metric space M
cont
d given by

M
cont
d :=

n−1⋃
i=0

S(d)
i√
n
,
S

(d)
i+1√
n

 ,
where [a,b] ⊂ R

d is the closed segment connecting a,b ∈ R
d . As before, the space M

cont
d is

endowed with the induced Euclidean metric on R
d .

Corollary 2.5. Under the same assumptions as in Theorem 2.4, for every ε > 0,

lim
d→∞

P[dGH(Mcont
d ,W ) > ε] = 0.

2.2. Convergence of high-dimensional stochastic processes. In this section we state a result

which is similar in spirit to Theorem 2.4 but applies to a different class of stochastic pro-

cesses. Let K be an arbitrary index set and X = (X(t))t∈K be a real-valued stochastic process

with EX(t) = 0 and E(X(t))2 < ∞ for all t ∈ K . We suppose that ρ(s, t) :=
√

Var(X(s)−X(t))

defines a metric on K which turns K into a compact metric space and that the process X has

a.s. continuous sample paths on (K,ρ). Finally, we suppose that E[supt∈K (X(t))2] < ∞. Let

(X1(t))t∈K , (X2(t))t∈K , . . . be independent copies of the process X. For every d ∈N we consider

the R
d-valued stochastic process

Xd(t) :=
(X1(t), . . . ,Xd(t))

√
d

∈Rd , t ∈ K.

Theorem 2.6. The random metric space Kd := {Xd(t) : t ∈ K} ⊂ R
d , endowed with the induced

Euclidean metric, converges a.s. (as d →∞) to the deterministic metric space (K,ρ) in the Gromov-

Hausdorff sense. That is to say,

P

[
lim
d→∞

dGH(Kd ,K) = 0
]

= 1.
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Example 2.7. Let (X(t))t∈[0,1] be the standard Brownian motion. Then, (Xd(t))t∈[0,1] is a stan-

dard d-dimensional Brownian motion multiplied by 1/
√
d. Theorem 2.6 implies that the ran-

dom metric space {Xd : t ∈ [0,1]} ⊂ R
d , viewed as a random point in the Gromov-Hausdorff

space, converges a.s. to the Wiener spiral W .

3. Central limit theorems for the squared norm

In this section we state distributional limit theorems for the squared norm ‖S(d)
n ‖2, as d→∞,

in three models presented in Examples 2.1, 2.2 and 2.3 of Section 2.1. Recall that all the

corresponding random walks satisfy the assumptions (a)-(d) and, thus, converge to the Wiener

spiral. However, the distributional behaviour is more sensitive to the details of each of the

models and the corresponding distributional limit theorems are different. As before, n = n(d)

is an arbitrary sequence of positive integers such that n(d)→∞, as d→∞.

3.1. Model 1: Random walks whose increments have i.i.d. components. Recall that in this

model (ξi,j )∞i,j=1 are independent copies of a random variable ξ such that Eξ = 0 and Eξ2 = 1,

and for every d ∈N the increments of a d-dimensional random walk (1) are given by

X
(d)
i :=

(ξi,1, . . . ,ξi,d)
√
d

, i ∈N.

Theorem 3.1. In the setting just described suppose additionally that Eξ4 <∞. Then,

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).

Here and in what follows, N(0,σ2) denotes the centered normal distribution with variance

σ2, and
w−→ denotes weak convergence of probability measures (convergence in distribution).

In the next theorem we treat the case when ξ2 has infinite second moment. More precisely, we

suppose that ξ2 belongs to the domain of attraction of an α-stable distribution with α ∈ (1,2).

This means that the independent copies of ξ, denoted by (ξi)∞i=1, satisfy

(7)
ξ2

1 + · · ·+ ξ2
m −m

m1/αL(m)
w−→

m→∞
ζα

for some slowly varying function L and a zero-mean random variable ζα having a spectrally

positive α-stable distribution.

Theorem 3.2. Suppose that (7) holds for some α ∈ (1,2).

(a) If n > d
2−α

2α−2 +δ for some δ > 0 and all sufficiently large d, then

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).
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(b) If n < d
2−α

2α−2−δ for some δ > 0 and all sufficiently large d, then

‖S(d)
n ‖2 −n

d−1(nd)1/αL(nd)
w−→

d→∞
ζα .

3.2. Model 2: Random walks with rotationally invariant increments. We shall further spe-

cialize Example 2.2 by assuming additionally that the distribution of R(d) is the same for all

d ∈N. Thus, for every d ∈N we consider a random walk (1) in R
d whose increments are given

by

X
(d)
i := RiU

(d)
i , i ∈N,

where

• the radial components (Ri)∞i=1 are independent copies of a non-negative random vari-

able R with ER2 = 1;

• the directional components (U (d)
i )∞i=1 are i.i.d. random vectors uniformly distributed on

the unit sphere in R
d ;

• (Ri)∞i=1 and (U (d)
i )∞i=1 are independent.

Theorem 3.3. In the setting just described, suppose additionally that ER4 <∞.

(a) If limd→∞n/d = 0 and R is not deterministic, then

‖S(d)
n ‖2 −n√
n

w−→
d→∞

N(0,Var(R2)).

(b) If limd→∞n/d =∞ or R is deterministic, then

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).

(c) If n ∼ γd for some constant γ ∈ (0,∞), then

‖S(d)
n ‖2 −n√
n

w−→
d→∞

N(0,2γ + Var(R2)).

Remark 3.4. Let us mention known results for random walks with fixed number of steps.

Stam [18, Theorem 4 and p. 227] showed that if R = 1 is deterministic and m ∈ N is fixed,

then
‖S(d)
m ‖2 −m√

2m(m− 1)/d

w−→
d→∞

N(0,1).

On the other hand, if R is not deterministic and m ∈ N is fixed, then it follows from [18,

Theorem 4] that

‖S(d)
m ‖2

w−→
d→∞

R2
1 + · · ·+R2

m.
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Let us now consider the case when R2 belongs to the domain of attraction of an α-stable

distribution with α ∈ (1,2) meaning that

(8)
R2

1 + · · ·+R2
n −n

n1/αL(n)
w−→

n→∞
ζα

for some slowly varying function L and a zero-mean random variable ζα having a spectrally

positive α-stable distribution.

Theorem 3.5. Suppose that (8) holds for some α ∈ (1,2).

(a) If n > d
α

2α−2 +δ for some δ > 0 and all sufficiently large d, then

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).

(b) If n < d
α

2α−2−δ for some δ > 0 and all sufficiently large d, then

‖S(d)
n ‖2 −n
n1/αL(n)

w−→
d→∞

ζα .

We shall comment on the missing “critical” case of this theorem in Remark 5.5.

3.3. Model 3: Random walks jumping along the coordinate axes. As we did in the previous

model, here we also impose an additional assumption in the setting of Example 2.3 and sup-

pose that the distribution of R(d) is the same for all d ∈N. Thus, for every d ∈N we consider a

random walk (1) in R
d whose increments are given by

X
(d)
i := RiV

(d)
i , i ∈N,

where

• (Ri)∞i=1 are independent copies of a random variable R with ER = 0 and ER2 = 1.

• (V (d)
i )∞i=1 are i.i.d. random vectors uniformly distributed on {e1, . . . , ed}, the standard or-

thonormal basis of Rd . That is to say,

P[V (d)
i = ej ] = 1/d, i ∈N, j ∈ {1, . . . ,d}.

• (Ri)∞i=1 and (V (d)
i )∞i=1 are independent.

This model is related to an experiment in which n balls are independently placed into d

equiprobable boxes. If the i-th ball is placed into box j, then the i-th increment of the ran-

dom walk is equal to Riej .

Theorem 3.6. In the setting just described suppose that ER4 <∞.
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(a) If limd→∞n/d = 0, then

‖S(d)
n ‖2 −n√
n

w−→
d→∞

N(0,Var(R2)).

(b) If limd→∞n/d =∞, then

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).

(c) If n ∼ γd for some constant γ ∈ (0,∞), then

‖S(d)
n ‖2 −n√
n

w−→
d→∞

N(0,2γ + Var(R2)).

In the case when R2 belongs to the domain of attraction of an α-stable distribution with

α ∈ (1,2), the conclusion is identical to that of Theorem 3.5.

Theorem 3.7. If (8) holds in the setting of Model 3, then the same conclusions as in Theorem 3.5

apply.

Note that the conclusions of Theorems 3.3 and 3.6 are almost identical, the only difference

being that the latter does not provide a precise answer in the case of deterministic R in the

regime limd→∞n/d = 0, since the limit in Part (a) is then degenerate. The next theorem gives a

more precise result in this case. Without loss of generality, we assume that R2 = 1. The latter

in conjunction with ER = 0 implies that (S(d)
i )∞i=0 must be the simple symmetric random walk.

Theorem 3.8. Let (S(d)
i )∞i=0 be the simple symmetric random walk on Z

d starting at 0.

(a) If n = o(
√
d), then limd→∞P[‖S(d)

n ‖2 = n] = 1.

(b) If n ∼ c
√
d for some constant c ∈ (0,∞), then

‖S(d)
n ‖2 −n

w−→
d→∞

3P ′ − P ′′ ,

where P ′ and P ′′ are independent Poisson random variables with mean c2/4.

(c) If limd→∞n/
√
d =∞, then

‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N(0,1).

4. Proofs of the Gromov-Hausdorff convergence

The remaining part of the paper is devoted to proofs. In this section we prove Theorems 2.4

and 2.6.
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4.1. Functional law of large numbers for the norm. We begin with a result whose proof con-

tains the main idea of the proof of Theorem 2.4.

Theorem 4.1. Let n = n(d) be an arbitrary sequence of positive integers such that n(d) → ∞, as

d→∞. Under the assumptions (a)–(d) of Section 2.1,

(9) sup
t∈[0,1]

∣∣∣∣∣∣∣∣
‖S(d)
bntc‖

2

n
− t

∣∣∣∣∣∣∣∣ P−→
d→∞

0,

where
P−→ denotes convergence in probability.

Before giving the proof of Theorem 4.1 some preparatory work has to be done. First, observe

that, for every k ∈N0,

(10) ‖S(d)
k ‖

2 = 〈S(d)
k ,S

(d)
k 〉 = 〈X(d)

1 + · · ·+X(d)
k ,X

(d)
1 + · · ·+X(d)

k 〉 = T (d)
k +Q(d)

k ,

where

(11) T
(d)
k :=

k∑
i=1

‖X(d)
i ‖

2, Q
(d)
k :=

∑
i,j∈{1,...,k}

i,j

〈X(d)
i ,X

(d)
j 〉, k ∈N,

and T (d)
0 := 0, Q(d)

0 := 0. Further, note that

(12) Q
(d)
k = 2

k∑
i=1

Y
(d)
i , Y

(d)
i := 〈X(d)

i ,S
(d)
i−1〉.

It will be of major importance for what follows that (Q(d)
n )n∈N0

is a martingale. More pre-

cisely, the following holds true.

Lemma 4.2. For any d-dimensional random walk with i.i.d. zero-mean increments X(d)
1 , . . . ,X

(d)
n ,

the random variables Y (d)
1 , . . . ,Y

(d)
n form a triangular array of martingale differences with respect to

the natural filtration F (d)
1 ⊂ · · · ⊂ F (d)

n , where F (d)
i is the σ -algebra generated by X(d)

1 , . . . ,X
(d)
i , for all

i ∈ {1, . . . ,n}.

Proof. To prove the martingale difference property observe that Y (d)
i is F (d)

i -measurable and

E

[
Y

(d)
i

∣∣∣∣F (d)
i−1

]
= E

[
〈X(d)

i ,S
(d)
i−1〉

∣∣∣∣F (d)
i−1

]
=

d∑
j=1

E

[
X

(d)
i,j S

(d)
i−1,j

∣∣∣∣F (d)
i−1

]
= 0,

for all i = 1, . . . ,n, where we used that S(d)
i−1,j is F (d)

i−1 -measurable and that X(d)
i,j is independent of

F (d)
i−1 and has zero mean. �
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Proof of Theorem 4.1. To prove (9), it suffices to show that

(13) sup
t∈[0,1]

∣∣∣∣∣∣∣∣
T

(d)
bntc
n
− t

∣∣∣∣∣∣∣∣ P−→
d→∞

0,

and

(14)
supt∈[0,1] |Q

(d)
bntc|

n
P−→

d→∞
0.

Proof of (13). According to a version of the law of large numbers stated in Lemma 6.1,

fd(t) := n−1T
(d)
bntc =

1
n

bntc∑
i=1

‖X(d)
i ‖

2 P−→
d→∞

t,

for every t ≥ 0. Since the functions t 7→ fd(t) and t 7→ t are monotone in t ∈ [0,1] and the latter

function is continuous, this convergence in probability is in fact uniform by Pólya’s extension

of Dini’s theorem. Indeed, for every m ∈N the union bound yields

max
i=0,...,m

|fd(i/m)− (i/m)| P−→
d→∞

0.

The monotonicity of t 7→ fd(t) implies that

sup
t∈[0,1]

|fd(t)− t| ≤ max
i=0,...,m

|fd(i/m)− (i/m)|+ (1/m).

Given ε > 0 we choose m ∈N such that 1/m < ε/2. Then,

P

 sup
t∈[0,1]

|fd(t)− t| > ε
 ≤ P

[
max
i=0,...,m

|fd(i/m)− (i/m)| > ε/2
]
−→
d→∞

0.

It follows that supt∈[0,1] |fd(t)− t| converges in probability to 0, thus proving (13).

Proof of (14). Since (Q(d)
` )`∈N0

is a martingale, for every fixed d ∈N, Doob’s martingale inequal-

ity entails that

P

[
sup
t∈[0,1]

|Q(d)
bntc| ≥ nε

]
≤ E(Q(d)

n )2

n2ε2 .

Hence, to prove (14), it suffices to check that

(15)
E(Q(d)

n )2

n2 =
1
n2E

 ∑
i,j∈{1,...,n}

i,j

〈X(d)
i ,X

(d)
j 〉

2

=
1
n2E

 ∑
i,j∈{1,...,n}

i,j

d∑
k=1

X
(d)
i,k X

(d)
j,k

2

−→
d→∞

0,
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An alternative way to see this sufficiency is to apply Corollary 2 on p. 1888 in [6] with Φ(x) = x2

and fi,j(u,v) = 〈u,v〉, leading to the estimate

E

 sup
t∈[0,1]

|Q(d)
bntc|

2

= E

 max
m=1,...,n

∣∣∣∣∣∣ ∑
i,j∈{1,...,m}

i,j

〈X(d)
i ,X

(d)
j 〉

∣∣∣∣∣∣
2

≤ 2048 ·E
 ∑
i,j∈{1,...,n}

i,j

〈X(d)
i ,X

(d)
j 〉

2

.

In order to prove (15) we write

E

 ∑
i,j∈{1,...,n}

i,j

d∑
k=1

X
(d)
i,k X

(d)
j,k

2

=
d∑
k=1

d∑
k′=1

∑
i,j∈{1,...,n}

i,j

∑
i′ ,j ′∈{1,...,n}

i′,j ′

E

[
X

(d)
i,k X

(d)
i′ ,k′X

(d)
j,kX

(d)
j ′ ,k′

]

= 2
d∑
k=1

∑
i,j

E(X(d)
i,k )2

E(X(d)
j,k )2 = 2n(n− 1)

d∑
k=1

E(X(d)
1,k )2

E(X(d)
1,k )2,

where for the second equality we used that by independence, uncorrelatedness and EX
(d)
i,k = 0,

the expectation E[X(d)
i,k X

(d)
i′ ,k′X

(d)
j,kX

(d)
j ′ ,k′ ] vanishes unless k = k′ and {i, j} = {i′ , j ′}. It remains to note

that
d∑
k=1

E(X(d)
1,k )2

E(X(d)
1,k )2 ≤ max

k=1,...,d
E(X(d)

1,k )2
d∑
k=1

E(X(d)
1,k )2 = max

k=1,...,d
E(X(d)

1,k )2 −→
d→∞

0,

where (5) has been utilized on the last step. The proof of (15) is complete. �

4.2. Proof of Theorem 2.4. We identify the Wiener spiral W with the interval [0,1] equipped

with the metric d(t, s) =
√
|t − s|. Define a surjective map ϕn : [0,1]→Md by ϕn(t) := S(d)

bntc/
√
n.

By Corollary 7.3.28 on page 258 of [3], the Gromov-Hausdorff distance between W and Md is

bounded above by twice the distortion of the map ϕn, that is

dGH(W ,Md) ≤ 2 sup
0≤s≤t≤1

∣∣∣∣∣∣∣∣
‖S(d)
bntc − S

(d)
bnsc‖√

n
−
√
t − s

∣∣∣∣∣∣∣∣ .
To prove the theorem, it suffices to verify that

sup
0≤s≤t≤1

∣∣∣∣∣∣∣∣
‖S(d)
bntc − S

(d)
bnsc‖√

n
−
√
t − s

∣∣∣∣∣∣∣∣ P−→
d→∞

0.

Take some m ∈N. We know from Theorem 4.1 that, for every i = 0, . . . ,m− 1,

‖S(d)
b(i/m)·nc‖√
n

P−→
d→∞

√
i
m
.
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Moreover, for every integer 0 ≤ i ≤ j ≤m,

‖S(d)
b(j/m)·nc − S

(d)
b(i/m)·nc‖√

n

P−→
d→∞

√
j − i
m
.

By the union bound, it follows that, for every fixed m ∈N,

max
0≤i≤j≤m

∣∣∣∣∣∣∣∣
‖S(d)
b(j/m)·nc − S

(d)
b(i/m)·nc‖√

n
−
√
j − i
m

∣∣∣∣∣∣∣∣ P−→
d→∞

0.

If 0 ≤ s ≤ t ≤ 1 are such that s ∈ [ im ,
i+1
m ) and t ∈ [ jm ,

j+1
m ), then, by the triangle inequality,∣∣∣∣∣∣∣∣

‖S(d)
bntc − S

(d)
bnsc‖√

n
−
‖S(d)
b(j/m)·nc − S

(d)
b(i/m)·nc‖√

n

∣∣∣∣∣∣∣∣ ≤ sup
z∈[ im ,

i+1
m ]

‖S(d)
bnzc − S

(d)
bn·(i/m)c‖√
n

+ sup
z∈[ jm ,

j+1
m ]

‖S(d)
bnzc − S

(d)
bn·(j/m)c‖√
n

.

Consider the random variable

ωn,m := max
i∈{0,...,m−1}

sup
z∈[ im ,

i+1
m ]

‖S(d)
bnzc − S

(d)
bn·(i/m)c‖√
n

.

To complete the proof, it suffices to show that for every ε > 0,

lim
m→∞

limsup
d→∞

P[ωn,m ≥ ε] = 0.

Applying the union bound and recalling that X(d)
1 , . . . ,X

(d)
n are i.i.d. we can write

P[ωn,m ≥ ε] ≤mP

1
n

sup
t∈[0, 1

m ]
‖S(d)
bntc‖

2 ≥ ε2

 .
Recalling decomposition (11), observe that

‖S(d)
bntc‖

2 = T (d)
bntc +Q

(d)
bntc.

To complete the proof, it suffices to verify that

(16) lim
m→∞

limsup
d→∞

mP

[
T

(d)
bn/mc ≥ nε

2/2
]

= 0,

and

(17) lim
m→∞

limsup
d→∞

mP

 sup
t∈[0, 1

m ]
Q

(d)
bntc ≥ nε

2/2

 = 0.
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Proof of (16). We observe that, for every fixed m ∈N, T (d)
bn/mc/n converges in probability to 1/m

by the version of the law of large numbers stated in Lemma 6.1. This implies that for every

m > 2/ε2, the limsupd→∞ in (16) equals 0.

Proof of (17). By yet another appeal to Doob’s martingale inequality we obtain

mP

 sup
t∈[0, 1

m ]
Q

(d)
bntc ≥ nε

2/2

 ≤ m

n2(ε2/2)2E(Q(d)
bn/mc)

2.

As we have already shown in (15), for every m ∈N,

lim
d→∞

E(Q(d)
bn/mc)

2

n2 = 0.

It follows that the limsupd→∞ in (17) equals 0 for every m ∈N. �

Proof of Corollary 2.5. Note that Md ⊂M
cont
d and

dGH (Mcont
d ,Md) ≤ dH (Mcont

d ,Md) ≤ max
i∈{1,...,n}

‖X(d)
i ‖√
n
.

The right-hand side converges to zero in probability, since, for every fixed ε > 0,

P

 sup
i∈{1,...,n}

‖X(d)
i ‖√
n

> ε

 ≤ nP[‖X(d)‖2 > ε2n] ≤ ε−2
E[‖X(d)‖21{‖X(d)‖2>ε2n}]

≤ ε−2 sup
`∈N

E[‖X(`)‖21{‖X(`)‖2>ε2n}],

and the latter converges to zero by (4). �

4.3. Proof of Theorem 2.6. The map K 3 t 7→Xd(t) ∈Kd is surjective. Similarly to the proof of

Theorem 2.4 we use Corollary 7.3.28 on page 258 of [3] to infer that

dGH(Kd ,K) ≤ 2 sup
s,t∈K

∣∣∣‖Xd(s)−Xd(t)‖ − ρ(s, t)
∣∣∣ .

To prove the theorem it suffices to show that the right-hand side converges to 0 a.s., that is

(18) sup
s,t∈K

∣∣∣∣‖Xd(s)−Xd(t)‖ −
√

Var(X(s)−X(t))
∣∣∣∣ a.s.−→
d→∞

0.

The function z 7→
√
z is uniformly continuous on every interval of the form [0,A], with A > 0.

Therefore, for non-negative bounded functions, fn → f uniformly implies that
√
f n →

√
f

uniformly. Hence, to prove (18), it suffices to check that

(19) lim
d→∞

sup
s,t∈K

∣∣∣‖Xd(s)−Xd(t)‖2 −Var(X(s)−X(t))
∣∣∣ = 0.
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Define i.i.d. stochastic processes (Yk(s, t))(s,t)∈K×K , k ∈N, by

Yk(s, t) = (Xk(s)−Xk(t))2 −E(Xk(s)−Xk(t))2, (s, t) ∈ K ×K.

Note that Yk has continuous sample paths on K×K (endowed with the product metric [3, p. 88])

and that

E sup
(s,t)∈K×K

|Yk(s, t)| ≤ 2E sup
(s,t)∈K×K

(Xk(s)−Xk(t))2 ≤ 4E sup
(s,t)∈K×K

(X2
k (s) +X2

k (t)) ≤ 8Esup
s∈K

X2
k (s) <∞.

Then,

‖Xd(s)−Xd(t)‖2 −Var(X(s)−X(t)) =
1
d

d∑
k=1

((Xk(s)−Xk(t))2 −E(Xk(s)−Xk(t))2) =
1
d

d∑
k=1

Yk(s, t).

Note that Y1,Y2, . . . are i.i.d. random elements in the Banach space C(K × K) of continuous

functions on the compact space K ×K . As we have shown, E‖Yk‖∞ <∞. By the strong law of

large numbers in the Banach space C(K ×K), see Theorem 1.1 on page 131 in [12], we have

sup
(s,t)∈K×K

∣∣∣∣∣∣∣1d
d∑
k=1

Yk(s, t)

∣∣∣∣∣∣∣ a.s.−→
d→∞

0.

This proves (19) and completes the proof of Theorem 2.6. �

5. Proofs of the distributional limit theorems for the norm

5.1. General strategy. To prove the results stated in Section 3, recall from (10), (11), (12) the

decomposition

‖S(d)
n ‖2 −n = 〈S(d)

n ,S
(d)
n 〉 −n = 〈X(d)

1 + · · ·+X(d)
n ,X

(d)
1 + · · ·+X(d)

n 〉 −n = T (d)
n −n+Q(d)

n .

Our aim is to derive distributional limit theorems for the “diagonal sum” T (d)
n and the “off-

diagonal sum” Q(d)
n . For the former quantity, this task is usually straightforward since T (d)

n is a

sum of i.i.d. random variables. Suppose that

(20)
T

(d)
n −n

τ
(d)
n

w−→
d→∞

T∞

for a suitable normalizing sequence τ (d)
n > 0 and some stable random variable T∞. For the

off-diagonal sum, we shall prove, in all three models, a central limit theorem of the form

(21)
Q

(d)
n√

2n2/d

w−→
d→∞

N(0,1).
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Having (20) and (21) at our disposal, we can determine the limit distribution of ‖S(d)
n ‖2 − n.

Depending on which of the normalizing sequences, τ (d)
n or

√
2n2/d, is asymptotically larger, we

distinguish the following cases.

Case 1: Off-diagonal fluctuations dominate meaning that τ (d)
n = o(

√
n2/d). Then,

‖S(d)
n ‖2 −n√
2n2/d

=
T

(d)
n −n

τ
(d)
n

· τ
(d)
n√

2n2/d
+

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Case 2: Diagonal fluctuations dominate meaning that
√
n2/d = o(τ (d)

n ). Then,

‖S(d)
n ‖2 −n√
2n2/d

=
T

(d)
n −n

τ
(d)
n

+
Q

(d)
n√

2n2/d
·
√

2n2/d

τ
(d)
n

w−→
d→∞

T∞.

Case 3: Both types of fluctuations are of the same order meaning that
√

2n2/d/τ
(d)
n → c ∈ (0,∞).

This case is somewhat more difficult and requires a separate analysis.

5.2. Central limit theorem for the off-diagonal sum. In all three models, the proof of the CLT

for Q(d)
n is based on the representation (12).

To prove a central limit theorem for Q(d)
n we are going to apply the martingale central limit

theorem (see Theorem 6.2 of the Appendix) to the martingale differences

∆
(d)
i :=

Y
(d)
i√

n2/(2d)
, i = 1, . . . ,n.

If the conditions of Theorem 6.2 are satisfied with σ2 = 1, then

Q
(d)
n√

2n2/d
= ∆

(d)
1 + · · ·+∆

(d)
n

w−→
d→∞

N(0,1).

In the following two lemmas we simultaneously verify condition (53) of Theorem 6.2 for all

three models defined in Sections 3.1, 3.2, 3.3.

Lemma 5.1. Consider a d-dimensional random walk (S(d)
i )∞i=0 with i.i.d. zero-mean increments

X
(d)
1 ,X

(d)
2 , . . . satisfying

(22) E[X(d)
i,j X

(d)
i,k ] = 0, E(X(d)

i,j )2 = 1/d, j,k ∈ {1, . . . ,d}, j , k, i ∈N.

Then, for all n ∈N,

(23) D
(d)
n :=

n∑
i=1

E[(Y (d)
i )2|F (d)

i−1 ] =
1
d

n−1∑
i=1

‖S(d)
i ‖

2,
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and

(24) ED
(d)
n =

n∑
i=1

E(Y (d)
i )2 =

n(n− 1)
2d

, VarQ(d)
n = 4ED(d)

n =
2n(n− 1)

d
.

Proof. To prove (23), observe that

D
(d)
n =

n∑
i=1

E

[
〈X(d)

i ,S
(d)
i−1〉

2
∣∣∣∣F (d)
i−1

]
=

n∑
i=1

E


 d∑
j=1

X
(d)
i,j S

(d)
i−1,j


2 ∣∣∣∣F (d)

i−1


=

n∑
i=1

E

 d∑
k=1

d∑
`=1

X
(d)
i,k X

(d)
i,` S

(d)
i−1,kS

(d)
i−1,`

∣∣∣∣F (d)
i−1

 =
n∑
i=1

d∑
k=1

d∑
`=1

S
(d)
i−1,kS

(d)
i−1,`E

[
X

(d)
i,k X

(d)
i,`

]

=
n∑
i=1

d∑
j=1

(S(d)
i−1,j )

2
E(X(d)

i,j )2 =
1
d

n∑
i=1

d∑
j=1

(S(d)
i−1,j )

2 =
1
d

n−1∑
i=1

‖S(d)
i,j ‖

2,

where we used (22). To prove the first equation in (24), take expectation of (23) and observe

that E‖S(d)
i ‖

2 = i. To prove the second equation in (24), recall (12) and observe that Y (d)
1 , . . . ,Y

(d)
n ,

being martingale differences, are uncorrelated. �

Lemma 5.2. For a random walk satisfying conditions (a), (c), (d) of Section 2.1 and (22) we have

n∑
i=1

E[(∆(d)
i )2|F (d)

i−1 ] =
D

(d)
n

n2/(2d)
P−→

d→∞
1.

Proof. We know from Theorem 4.1 that

max
i∈{1,...,n}

1
n

∣∣∣∣‖S(d)
i ‖

2 − i
∣∣∣∣ P−→
d→∞

0.

Taking some ε > 0 and denoting by A(d)
n the event that maxi∈{1,...,n} |‖S

(d)
i ‖

2− i| ≤ nε, we have that

P[A(d)
n ]→ 1 as d→∞. On the event A(d)

n we have the upper bound

D
(d)
n =

1
d

n−1∑
i=1

‖S(d)
i ‖

2 ≤ 1
d

n−1∑
i=1

(i +nε) =
n(n− 1) + 2εn(n− 1)

2d

and the lower bound

D
(d)
n =

1
d

n−1∑
i=1

‖S(d)
i ‖

2 ≥ 1
d

n−1∑
i=1

(i −nε) =
n(n− 1)− 2εn(n− 1)

2d
.

Taken together, these bounds imply the claim. �
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5.3. Model 1: Proofs of Theorems 3.1 and 3.2. The main difficulty is to prove the following

central limit theorem for Q(d)
n .

Proposition 5.3. In the setting of Section 3.1 suppose that E|ξ |2+δ <∞, for some δ > 0. Then,

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Proof. Since condition (53) of the martingale central limit theorem (see Theorem 6.2) has al-

ready been verified in Lemma 5.2, it remains to verify Lyapunov’s condition (56) which takes

the form
n∑
i=1

E|Y (d)
i |

2+δ = o(n2+δ/d1+ δ
2 ),

where δ > 0 is such that E|ξ |2+δ <∞. To prove this estimate, it suffices to show that

max
i∈{1,...,n}

E|Y (d)
i |

2+δ ≤ C(n/d)1+ δ
2 .

In the following, C denotes a sufficiently large constant that does not depend on d. Recall from

Section 3.1 that

Y
(d)
i = 〈X(d)

i ,S
(d)
i−1〉 =

1
d

d∑
j=1

ξi,j(ξ1,j + · · ·+ ξi−1,j ) =:
1
d

d∑
j=1

ξi,jηi−1,j ,

where we defined ηi−1,j := ξ1,j + · · ·+ ξi−1,j . The Rosenthal inequality, see Theorem 6.3, implies

that

E|Y (d)
i |

2+δ = d−2−δ
E

∣∣∣∣∣∣∣∣
d∑
j=1

ξi,jηi−1,j

∣∣∣∣∣∣∣∣
2+δ

≤ Cd−2−δmax


d∑
j=1

E|ξi,jηi−1,j |2+δ,

 d∑
j=1

E(ξi,jηi−1,j )
2


1+ δ

2

 ,
for all i ∈ {1, . . . ,n}. In the following, we estimate both terms appearing on the right-hand side.

For the first term, we first recall that ξi,j has finite moment of order (2 + δ):

d∑
j=1

E|ξi,jηi−1,j |2+δ ≤ C
d∑
j=1

E|ηi−1,j |2+δ.

For each summand on the right-hand side we use the Rosenthal inequality to obtain

E

∣∣∣ηi−1,j

∣∣∣2+δ
= E

∣∣∣∣∣∣∣
i−1∑
`=1

ξ`,j

∣∣∣∣∣∣∣
2+δ

≤ Cmax{i, i1+ δ
2 } ≤ Cn1+ δ

2 .

Therefore,
d∑
j=1

E|ξi,jηi−1,j |2+δ ≤ C · d ·n1+ δ
2 .
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To estimate the second term, we observe that E(ξi,jηi−1,j )2 = E(ηi−1,j )2 = i − 1 < n. It follows

that  d∑
j=1

E(ξi,jηi−1,j )
2


1+ δ

2

≤ (dn)1+ δ
2 .

Altogether we arrive at

E|Y (d)
i |

2+δ ≤ Cd−2−δ(dn)1+ δ
2 = C(n/d)1+ δ

2 ,

which proves the claim. �

Proof of Theorem 3.1. By Proposition 5.3, the off-diagonal sum satisfies

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

To derive a distributional limit theorem for the diagonal sum, we observe that

(25) T
(d)
n −n =

n∑
i=1

(‖X(d)
i ‖

2 − 1) =
1
d

n∑
i=1

d∑
j=1

(ξ2
i,j − 1)

Recall the assumption Eξ4 <∞. Applying the classical CLT to the right-hand side of (25) yields

T
(d)
n −n√
n/d

w−→
d→∞

N(0,Var[ξ2]).

Since
√
n/d = o(

√
2n2/d), the fluctuations of the off-diagonal sum Q

(d)
n dominate. �

Proof of Theorem 3.2. By (25) and (7), we have

T
(d)
n −n

d−1(nd)1/αL(nd)
=

1
(nd)1/αL(nd)

n∑
i=1

d∑
j=1

(ξ2
i,j − 1)

w−→
d→∞

ζα .

The normalizing sequence for T (d)
n − n is thus τ (d)

n = d−1(nd)1/αL(nd). If, for some δ > 0 and all

sufficiently large d, n > d
2−α

2α−2 +δ, respectively, n < d
2−α

2α−2−δ, then
√
n2/d = o(τ (d)

n ) (meaning that the

fluctuations of T (d)
n dominate), respectively, τ (d)

n = o(
√

2n2/d) (meaning that the fluctuations of

Q
(d)
n dominate).

It is also clear that, in fact, a more precise result has been deduced. Namely, if

lim
d→∞

n1/α−1d1/α−1/2L(nd) = 0,

then the convergence in Part (a) holds true, whereas if the above limit is equal to +∞, the

convergence in Part (b) holds true. �



RANDOM WALKS IN THE HIGH-DIMENSIONAL LIMIT I 19

5.4. Model 2: Proofs of Theorems 3.3 and 3.5. The main difficulty is again to prove the CLT

for the off-diagonal sum.

Proposition 5.4. In addition to the setting of Section 3.2 suppose that ER2+δ <∞ for some δ > 0.

Then,

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Proof. We again apply the martingale central limit theorem. Condition (53) of Theorem 6.2 has

been verified in Lemma 5.2. We shall verify the Lyapunov condition (55) which takes the form

(26)
1

(n/
√
d)2+δ

n∑
i=1

E

[
|Y (d)
i |

2+δ|F (d)
i−1

]
P−→

d→∞
0.

Recall from Section 3.2 thatXi = RiU
(d)
i , where Ri ≥ 0,U (d)

i and S(d)
i−1 are independent. It follows

that

E[|Y (d)
i |

2+δ|F (d)
i−1 ] = E[|〈Xi ,S

(d)
i−1〉|

2+δ|F (d)
i−1 ] = E[|〈RiU

(d)
i ,S

(d)
i−1〉|

2+δ|F (d)
i−1 ]

= E|R|2+δ ·E[|〈U (d)
i ,S

(d)
i−1〉|

2+δ|F (d)
i−1 ] = E|R|2+δ · |S(d)

i−1|
2+δ ·E|〈U (d)

i , e1〉|2+δ

≤ C · d−1− δ2 · |S(d)
i−1|

2+δ,

where in the penultimate step we used the isotropy of U (d)
i . In the last step, we used that

√
d〈U (d)

i , e1〉 converges to the standard normal distribution together with all moments [18, The-

orem 1] and, consequently, E|〈U (d)
i , e1〉|2+δ ≤ Cd−1− δ2 . For the Lyapunov sum we obtain the

estimate
n∑
i=1

E[|Y (d)
i |

2+δ|F (d)
i−1 ] ≤ C · d−1− δ2 ·

n∑
i=1

|S(d)
i |

2+δ.

We know from Theorem 4.1 that the event

A
(d)
n :=

{
max
i=1,...,n

∣∣∣∣‖S(d)
i ‖

2 − i
∣∣∣∣ ≤ n}

satisfies limd→∞P[A(d)
n ] = 1. So, on the event A(d)

n we have ‖S(d)
i ‖

2 ≤ 2n for all i = 1, . . . ,n and∑n−1
i=1 |S

(d)
i |

2+δ ≤ n2+(δ/2). It follows that, on A(d)
n ,

(27)
n∑
i=1

E[|Y (d)
i |

2+δ|F (d)
i−1 ] ≤ C · d−1− δ2 ·

n∑
i=1

|S(d)
i |

2+δ ≤ C · d−1− δ2 ·n2+ δ
2 = o((n/

√
d)2+δ).

This proves (26). �
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Proof of Theorem 3.3. By the classical CLT and Proposition 5.4,

(28)
T

(d)
n −n√
n

=

∑n
i=1(‖X(d)

i ‖
2 − 1)

√
n

=

∑n
i=1(R2

i − 1)
√
n

w−→
d→∞

N(0,Var[R2]),
Q

(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Proof of (a): If n/d → 0, then
√

2n2/d = o(
√
n) and (since Var[R2] , 0) the diagonal sum T

(d)
n

dominates.

Proof of (b): If n/d →∞, then
√
n = o(

√
2n2/d) and the off-diagonal sum Q

(d)
n dominates. The

same conclusion applies if R = 1 is deterministic since then the diagonal sum equals n.

Proof of (c). The proof in the “critical case” when n ∼ γd follows essentially the same idea

as described in Sections 5.1 and 5.2, but requires more refined estimates. We start with the

decomposition

‖S(d)
n ‖2 −n√
n

=
n∑
i=1

∆
(d)
i , ∆

(d)
i :=

Y
(d)
i√
n
, Y

(d)
i := R2

i − 1 + 2Ri〈U
(d)
i ,S

(d)
i−1〉.

The sequence ∆
(d)
1 , . . . ,∆

(d)
n forms a martingale difference since

E[Y (d)
i |Fi−1] = E[(R2

i − 1)|Fi−1] +ERi ·E[〈U (d)
i ,S

(d)
i−1〉|Fi−1] = 0,

where we used that E〈U (d)
i ,x〉 = 0 for every fixed vector x ∈ R

d . The latter relation and

E[〈U (d)
i ,x〉2] = ‖x‖2/d imply

E[(Y (d)
i )2|Fi−1] = E[(R2

i − 1)2] + 4E[Ri(R
2
i − 1)]E[〈U (d)

i ,S
(d)
i−1〉|Fi−1] + 4E[〈U (d)

i ,S
(d)
i−1〉

2|Fi−1]

= Var(R2) +
4
d
‖S(d)
i−1‖

2.

Thus, it follows that

n∑
i=1

E

[(
∆

(d)
i

)2
|F (d)
i−1

]
= Var(R2) +

4
dn

n∑
i=1

‖S(d)
i−1‖

2 P−→
d→∞

Var(R2) + 2γ,

where we utilized that 2
n2

∑n
i=1 ‖S

(d)
i−1‖

2 converges in probability to 1, which can be verified in

the same way as in the proof of Lemma 5.2. It remains to check the Lindeberg condition (54)

which takes the following form. For every ε > 0,

(29)
1
n

n∑
i=1

E

[(
R2
i − 1 + 2Ri〈U

(d)
i ,S

(d)
i−1〉

)2
1
{
|R2
i −1+2Ri〈U

(d)
i ,S

(d)
i−1〉|≥ε

√
n
} ∣∣∣∣F (d)

i−1

]
P−→

d→∞
0.
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By the estimate (a + b)2 ≤ 2a2 + 2b2 and Markov’s inequality it suffices to verify the following

claims:

lim
d→∞

1
n

n∑
i=1

E

[
(R2
i − 1)2

1{|R2
i −1|≥ 1

2 ε
√
n}
]

= 0,(30)

lim
d→∞

1
n

n∑
i=1

E

[
(R2
i − 1)2

1
{
|Ri〈U

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
}] = 0,(31)

lim
d→∞

1
n

n∑
i=1

E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1{|R2

i −1|≥ 1
2 ε
√
n}
]

= 0,(32)

1
n

n∑
i=1

E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1
{
|Ri〈U

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
} ∣∣∣∣F (d)

i−1

]
P−→

d→∞
0.(33)

Condition (30) is fulfilled by the monotone convergence theorem since the Ri ’s are independent

copies of R and ER4 <∞. To prove the remaining conditions we first observe that

(34) E

[
〈U (d)

i ,S
(d)
i−1〉

2
]

= E

[
E

[
〈U (d)

i ,S
(d)
i−1〉

2|S(d)
i−1

]]
=

1
d
E‖S(d)

i−1‖
2 =

i − 1
d
≤ n
d
≤ C,

for all i ∈ {1, . . . ,n}. Recall also that Ri , U
(d)
i and S(d)

i−1 are independent. To prove (31), note that

E

[
(R2
i − 1)2

1
{
|Ri〈U

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
}] ≤ E

[
(R2
i − 1)2

1{Ri≥ 1
4 εn

1/4}
]
+E

[
(R2
i − 1)2

1
{
|〈U (d)

i ,S
(d)
i−1〉|≥n1/4

}]
≤ E

[
(R2 − 1)2

1{|R|≥ 1
4 εn

1/4}
]
+E

[
(R2 − 1)2

]
P

[
|〈U (d)

i ,S
(d)
i−1〉| ≥ n

1/4
]
.

Both summands on the right-hand side go to 0 (for the second summand this follows from (34)

and Markov’s inequality). To prove condition (32), we note that

E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1{|R2

i −1|≥ 1
2 ε
√
n}
]

= E

[
R2
i 1{|R2

i −1|≥ 1
2 ε
√
n}
]
·E

[
〈U (d)

i ,S
(d)
i−1〉

2
]
≤ E

[
R2

1{|R2−1|≥ 1
2 ε
√
n}
]
·C

and observe that the right-hand side goes to 0 as n→∞ by the monotone convergence theorem.

To prove (33), we argue as follows:

E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1
{
|Ri〈U

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
} ∣∣∣∣F (d)

i−1

]
≤ E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1{|Ri |≥ 1

4 εn
1/4}

∣∣∣∣F (d)
i−1

]
+E

[
R2
i 〈U

(d)
i ,S

(d)
i−1〉

2
1
{
|〈U (d)

i ,S
(d)
i−1〉|≥n1/4

} ∣∣∣∣F (d)
i−1

]
≤ 1
d
‖S(d)
i−1‖

2 ·E
[
R2

1{|R|≥ 1
4 εn

1/4}
]
+E

[
〈U (d)

i ,S
(d)
i−1〉

2
1
{
|〈U (d)

i ,S
(d)
i−1〉|≥n1/4

} ∣∣∣∣F (d)
i−1

]
.
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The expectation of the first summand can be bounded above by CE[R2
1{|R|≥ 1

4 εn
1/4}] uniformly

over i ∈ {1, . . . ,n}, which goes to 0 by the monotone convergence theorem. To bound the second

summand, we observe that, for every δ > 0,

1
n

n∑
i=1

E

[
〈U (d)

i ,S
(d)
i−1〉

2
1
{
|〈U (d)

i ,S
(d)
i−1〉|≥n1/4

} ∣∣∣∣F (d)
i−1

]
≤ n−1− δ4

n∑
i=1

E

[
|〈U (d)

i ,S
(d)
i−1〉|

2+δ
∣∣∣∣F (d)
i−1

]
≤ C ·n−1− δ4 · d−1− δ2 ·n2+ δ

2 ,

where the last inequality holds on the event A(d)
n , as we have shown in the proof of Proposi-

tion 5.4, see formula (27). The right-hand side goes to 0 if n ∼ γd, and we have P[A(d)
n ]→ 1,

which completes the verification of (33) and the Lindeberg condition (29). An appeal to the

martingale CLT stated in Theorem 6.2 completes the proof of Part (c). �

Proof of Theorem 3.5. It follows from (8) and Proposition 5.4 that

(35)
T

(d)
n −n

n1/αL(n)
=
R2

1 + · · ·+R2
n −n

n1/αL(n)
w−→

n→∞
ζα and

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

If, for some δ > 0 and all sufficiently large d, we have n > d
α

2α−2 +δ, respectively, n < d
α

2α−2−δ, then

n1/αL(n) = o(
√

2n2/d), respectively,
√

2n2/d = o(n1/αL(n)), and the claims of (a) and (b) follow.

A similar observation as at the end of the proof of Theorem 3.2 applies here. Namely, if

lim
d→∞

d1/2n1/α−1L(n) = 0,

then the convergence in Part (a) holds true, whereas if the above limit is equal to +∞, then the

convergence in Part (b) holds true. �

Remark 5.5. In the missing critical case of Theorem 3.5, i.e. when (8) holds and
√

2n2/d ∼
γn1/αL(n) for some constant γ ∈ (0,∞), we conjecture that

(36)
‖S(d)
n ‖2 −n√
2n2/d

w−→
d→∞

N +γ−1ζα ,

where N has the standard normal law, N and ζα are independent. Let us explain the intuition

behind this conjecture (in fact, similar arguments apply to all cases of Theorems 3.3 and 3.5). It

is known, see Theorem 4 in [18], that for every fixedm ∈N, the collection ofm(m−1)/2 random

variables
√
d · (〈U (d)

i ,U
(d)
j 〉)1≤i<j≤m converges in distribution to a collection of i.i.d. standard

normal variables (Ni,j )1≤i<j≤m. This suggests the approximation

(37) ‖S(d)
n ‖2 −n =

n∑
i=1

(R2
i − 1) + 2

∑
1≤i<j≤n

RiRj〈U
(d)
i ,U

(d)
j 〉 ≈

n∑
i=1

(R2
i − 1) +

2
√
d

∑
1≤i<j≤n

RiRjNi,j .
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Conditionally on R1,R2, . . . , the distribution of the second term term is centered normal with

the variance

2
d

 n∑
i=1

R2
i

2

− 2
d

n∑
i=1

R4
i .

By the law of large numbers, (
∑n
i=1R

2
i )2 ∼ n2 a.s., while

∑n
i=1R

4
i = o(n2) since R4

i is in the

domain of attraction of an α/2-stable distribution with α/2 > 1/2. Hence, the variance of the

normal distribution is asymptotic to 2n2/d. We see that the fluctuations of the first term on the

right-hand side of (37) are determined by the Ri ’s, while the fluctuations of the second term

are determined by the Ni,j ’s only. Hence, these fluctuations are asymptotically independent.

Recalling (8) for the first term, we arrive at (36).

5.5. Model 3: Proofs of Theorems 3.6, 3.7, 3.8. The random walk described in Model 3 can be

coupled with the classical allocation scheme [15] in which n balls are independently dropped

into d equiprobable boxes. Each time a random walk makes a jump along the line spanned by

the basis vector ej , we drop a ball into the box with the number j. Let

kj(`) =
∑̀
i=1

1{V (d)
i =ej }

be the number of balls in box j ∈ {1, . . . ,d} after ` ∈ N balls have been placed into boxes. Let

(Ri;j )i,j∈N be independent copies of the random variable R and consider independent random

walks (Zk;j )k∈N0
, j ∈N, defined by

Zk;j := R1;j + · · ·+Rk;j , Z0;j := 0, k ∈N, j ∈N.

Then, it follows from the definition of Model 3 given in Section 3.3 that

(38) S
(d)
n = (S(d)

n,1, . . . ,S
(d)
n,d) d=

(
Zk1(n);1, . . . ,Zkd (n);d

)
.

In particular, this shows that ‖S(d)
n ‖2 is a particular case of the so-called randomized decompos-

able statistics whose limit behaviour has been extensively studied. A survey on this topic with

pointers to the original literature including [5] and the thesis of S. I. Bykov [4] can be found

in [17]. It would be possible to prove most of Theorems 3.6 and 3.8 by verifying the (quite

technical) conditions of Theorems 1.2.1 and 1.3.1 in [17] (which are due to S. I. Bykov), but we

prefer to give independent proofs since these are quite simple. We begin with a CLT for the

off-diagonal sum.
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Proposition 5.6. In addition to the setting of Section 3.3 suppose that ER2+δ <∞ and n/
√
d→∞.

Then,

Q
(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Proof. We again apply the martingale central limit theorem; see Theorem 6.2. Its condition (53)

has been verified in Lemma 5.2. It suffices to verify the Lyapunov condition (56) which takes

the form

(39)
n∑
i=1

E|Y (d)
i |

2+δ = o(n2+δ/d1+ δ
2 ),

where δ > 0 is such that ER2+δ <∞. Without loss of generality we assume that δ < 2.

Let i ∈ {1, . . . ,n} be fixed. By definition of our model, see Section 3.3,

E|Y (d)
i |

2+δ = E|〈RiV
(d)
i ,S

(d)
i−1〉|

2+δ = E|R|2+δ ·E|〈V (d)
i ,S

(d)
i−1〉|

2+δ

= E|R|2+δ · 1
d
·
d∑
j=1

E|S(d)
i−1,j |

2+δ = E|R|2+δ ·E|S(d)
i−1,1|

2+δ = C ·E|S(d)
i−1,1|

2+δ,

where we recall the notation S(d)
i−1 = (S(d)

i−1,1, . . . ,S
(d)
i−1,d) for the components of S(d)

i−1. In view of (38)

E|S(d)
i−1,1|

2+δ = E|Zk1(i−1);1|2+δ ≤ CE(k1(i − 1))1+δ/2,

where we used Rosenthal’s inequality in the last estimate. Taking everything together, we

arrive at

(40)
n∑
i=1

E|Y (d)
i |

2+δ ≤ C ·
n−1∑
i=0

E|S(d)
i,1 |

2+δ ≤ C ·
n−1∑
i=1

E(k1(i))1+ δ
2 .

Note that k1(i) has a binomial distribution Bin(i,1/d). We claim that, for all i,d ∈ N and δ ∈
(0,2],

(41) E(k1(i))1+ δ
2 ≤ C · (i/d) +C · (i/d)1+ δ

2 .

Observe that Ek1(i) = i/d. Using the inequality |a+ b|1+ δ
2 ≤ 2δ/2(|a|1+ δ

2 + |b|1+ δ
2 ), we obtain

E(k1(i))1+ δ
2 = E|k1(i)− i/d + i/d|1+ δ

2 ≤ 2δ/2E|k1(i)− i/d|1+ δ
2 + 2δ/2(i/d)1+ δ

2 .

We can write k1(i)− i/d = ε1 + · · ·+ εi , where ε1, . . . , εd are zero-mean i.i.d. with P[εi = 1−1/d] =

1/d, P[εi = −1/d] = 1− 1/d. By Corollary 8.2 on p. 151 of [10], we have

E|k1(i)− i/d|1+ δ
2 = E|ε1 + · · ·+ εi |1+ δ

2 ≤ CiE|ε1|1+ δ
2 ≤ Ci/d.
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This proves (41). Now we can complete the proof of (39) as follows. By (40) and (41),

n∑
i=1

E|Y (d)
i |

2+δ ≤ C ·
n−1∑
i=1

E(k1(i))1+ δ
2 ≤ C ·n ·

(
(n/d) + (n/d)1+ δ

2
)

= C ·
n2

d
+
n2+ δ

2

d1+ δ
2

 = o
(
n2+δ

d1+ δ
2

)
by the assumption n/

√
d→∞. The proof of (39) is complete. �

Proof of Theorem 3.6. By the classical CLT,

(42)
T

(d)
n −n√
n

=
1
√
n

n∑
i=1

(‖X(d)
i ‖

2 − 1) =
1
√
n

n∑
i=1

(R2
i − 1)

w−→
d→∞

N(0,Var[R2]).

Proof of (a). If n/d→ 0, then Lemma 5.1 yields VarQ(d)
n = 2n(n− 1)/d = o(n) and hence

‖S(d)
n ‖2 −n√
n

=
T

(d)
n −n√
n

+
Q

(d)
n√

2n(n− 1)/d
·
√

2n(n− 1)/d
√
n

w−→
d→∞

N(0,Var[R2]).

Note that we did not use Proposition 5.6. In particular, we do not need assumptions imposed

therein.

Proof of (b). If n/d→∞, then n/
√
d→∞ and we can apply Proposition 5.6, resulting in

‖S(d)
n ‖2 −n√
2n2/d

=
T

(d)
n −n√
n
·
√
n

√
2n2/d

+
Q

(d)
n√

2n2/d

w−→
d→∞

N(0,1).

Proof of (c). The starting point is the decomposition

‖S(d)
n ‖2 −n√
n

=
n∑
i=1

∆
(d)
i , ∆

(d)
i :=

Y
(d)
i√
n
, Y

(d)
i := R2

i − 1 + 2Ri〈V
(d)
i ,S

(d)
i−1〉.

The sequence ∆
(d)
1 , . . . ,∆

(d)
n forms a martingale difference since

E[Y (d)
i |Fi−1] = E[(R2

i − 1)|Fi−1] + 2ERi ·E[〈V (d)
i ,S

(d)
i−1〉|Fi−1] = 0,

where we used that ERi = 0. Next we observe that

E[(Y (d)
i )2|Fi−1] = E[(R2

i − 1)2] + 4E[Ri(R
2
i − 1)]E[〈V (d)

i ,S
(d)
i−1〉|Fi−1] + 4E[〈V (d)

i ,S
(d)
i−1〉

2|Fi−1]

= Var(R2) + 4ER3 · 1
d

(S(d)
i−1,1 + · · ·+ S(d)

i−1,d) +
4
d
‖S(d)
i−1‖

2,

where we used that E〈V (d)
i ,x〉 = 1

d (x1 + · · · + xd) and E〈V (d)
i ,x〉2 = ‖x‖2/d for each fixed vector

x = (x1, . . . ,xd) ∈Rd .
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Let us check that

(43)
1
dn

n∑
i=1

d∑
j=1

S
(d)
i−1,j

P−→
d→∞

0.

Indeed,

1
dn

n∑
i=1

d∑
j=1

S
(d)
i−1,j =

1
dn

n∑
i=1

d∑
j=1

i−1∑
k=1

Rk 1{V (d)
k =ej }

=
1
dn

n∑
i=1

i−1∑
k=1

Rk =
1
dn

n−1∑
k=1

(n− k)Rk ,

and the right-hand side converges to zero in probability by Chebyshev’s inequality, since the

variance of the right-hand side is O(n3/(nd)2) =O(1/d).

Formula (43) together with the fact that 2
n2

∑n
i=1 ‖S

(d)
i−1‖

2 converges in probability to 1, which

can be verified in the same way as in the proof of Lemma 5.2, yield

n∑
i=1

E

[(
∆

(d)
i

)2
|F (d)
i−1

]
= Var(R2) + 4ER3 · 1

dn

n∑
i=1

d∑
j=1

S
(d)
i−1,j +

4
dn

n∑
i=1

‖S(d)
i−1‖

2 P−→
d→∞

Var(R2) + 2γ.

It remains to verify the following Lindeberg condition that implies (54). For every ε > 0,

(44) lim
d→∞

1
n

n∑
i=1

E

[(
R2
i − 1 + 2Ri〈V

(d)
i ,S

(d)
i−1〉

)2
1
{
|R2
i −1+2Ri〈V

(d)
i ,S

(d)
i−1〉|≥ε

√
n
}] = 0.

The proof proceeds by the same method as in the proof of Theorem 3.6 (c) with the following

modifications. The analogues of (30), (31), (32) (with U (d)
i replaced by V (d)

i ) can be established

in the same way as above upon replacing (34) by

(45) E

[
〈V (d)
i ,S

(d)
i−1〉

2
]

= E

[
E

[
〈V (d)
i ,S

(d)
i−1〉

2|S(d)
i−1

]]
=

1
d
E‖S(d)

i−1‖
2 =

i − 1
d
≤ n
d
≤ C.

Instead of (33) we verify the following condition:

(46) lim
d→∞

1
n

n∑
i=1

E

[
R2
i 〈V

(d)
i ,S

(d)
i−1〉

2
1
{
|Ri〈V

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
}] = 0.

Take some δ > 0. Then,

1
n

n∑
i=1

E

[
R2
i 〈V

(d)
i ,S

(d)
i−1〉

2
1
{
|Ri〈V

(d)
i ,S

(d)
i−1〉|≥

1
4 ε
√
n
}] ≤ 1

n

(1
4
ε
√
n
)−δ n∑

i=1

E

[
|Ri |2+δ|〈V (d)

i ,S
(d)
i−1〉|

2+δ
]

≤ C ·n−1− δ2
n∑
i=1

E

[
|〈V (d)

i ,S
(d)
i−1〉|

2+δ
]

≤ C ·n−1− δ2 ·
n2

d
+
n2+ δ

2

d1+ δ
2

 ,
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where the last inequality was established in the proof of Proposition 5.6. The right-hand side

converges to 0 in the regime when n ∼ γd, which proves (46) and completes the verification of

the Lindeberg condition (44). Thus, Part (c) follow by another appeal to Theorem 6.2. �

Proof of Theorem 3.7. By (8), we have

(47)
T

(d)
n −n

n1/αL(n)
w−→

d→∞
ζα .

Proof of (a). If n > d
α

2α−2 +δ for some δ > 0 and all sufficiently large d, then we also have n/d→∞
since α ∈ (1,2). Hence, Proposition 5.6 applies and Q

(d)
n satisfies a CLT with normalization√

2n2/d. We have n1/αL(n) = o(
√

2n2/d), meaning that the off-diagonal fluctuations dominate,

and the claim follows.

Proof of (b). If n < d
α

2α−2−δ for all sufficiently large d, then VarQ(d)
n = 2n(n − 1)/d by (24) and√

2n(n− 1)/d = o(n1/αL(n)). It follows that

‖S(d)
n ‖2 −n
n1/αL(n)

=
T

(d)
n −n

n1/αL(n)
+

Q
(d)
n√

2n(n− 1)/d

√
2n(n− 1)/d

n1/αL(n)
w−→

d→∞
ζα ,

which proves the claim. �

Proof of Theorem 3.8. Proof of (a): If n = o(
√
d), then by a well-known result on the birthday

problem (see, e.g., Example 3.2.5 in [7] or p. 42 in [15]), the probability that no box contains

≥ 2 balls (equivalently, that the vectors V (d)
1 , . . . ,V

(d)
n are pairwise different) converges to 1. On

this event, we evidently have ‖S(d)
n ‖2 = n.

Proof of (b): Using the notation introduced at the beginning of the present Section 5.5, we can

write

(48) ‖S(d)
n ‖2 =

d∑
j=1

Z2
kj (n);j =

d∑
j=1

Z2
kj (n);j 1{kj (n)≥3}+

d∑
j=1

Z2
kj (n);j 1{kj (n)≤2} .

Let us show that the first sum (which is the total contribution of the boxes containing at least

3 balls) converges in distribution to 0. The expectation of this term is given by

E

 d∑
j=1

Z2
kj (n);j 1{kj (n)≥3}

 = dE
[
Z2
k1(n);11{k1(n)≥3}

]
= d

∞∑
k=3

E

[
Z2
k;11{k1(n)=k}

]
= d

∞∑
k=3

kP[k1(n) = k].



28 ZAKHAR KABLUCHKO AND ALEXANDER MARYNYCH

Using that k1(n) has a binomial distribution Bin(n,1/d) and that n ≤ 2c
√
d for sufficiently large

d, we can write

E

 d∑
j=1

Z2
kj (n);j 1{kj (n)≥3}

 = d
∞∑
k=3

k

(
n
k

)
1
dk

(
1− 1

d

)n−k
≤ d

∞∑
k=3

k
nk

k!
1
dk

(49)

≤ d
∞∑
k=3

(2c
√
d)k

(k − 1)!
1
dk
≤ d−1/2

∞∑
k=3

(2c)k

(k − 1)!
≤ Cd−1/2,

which converges to 0, as d →∞. Let us now analyze the second sum in (48). For each k ∈N0

let µk(n) :=
∑d
j=11{kj (n)=k} be the number of boxes containing k balls. It is known, see Example 2

on pp. 14–15 in [1] or Theorems 3, 5 on pp. 67–68 in [15], that in the regime when n ∼ c
√
d

with c ∈ (0,∞),

(50) µ2(n)
w−→

d→∞
Poi(c2/2).

The number of boxes containing at least 3 balls is denoted by

µ≥3(n) :=
∞∑
k=3

µk(n) =
d∑
j=1

1{kj (n)≥3} .

Almost the same estimate as in (49) shows that Eµ≥3(n) → 0 and hence µ≥3(n) → 0 in prob-

ability. If some box j contains 1 ball, then the corresponding contribution Z2
1;j is 1. If some

box j contains 2 balls, then Z2
2;j is either (1 + 1)2 = (−1 − 1)2 = 4 or (+1 − 1)2 = (−1 + 1)2 = 0,

both possibilities having probability 1/2. Denoting by η1,η2, . . . i.i.d. random variables with

P[η` = 4] = P[η` = 0] = 1/2, we can write

(51)
d∑
j=1

Z2
kj (n);j 1{kj (n)≤2}−n

d= µ1(n) +
µ2(n)∑
`=1

η` −n =
µ2(n)∑
`=1

η` −µ2(n)−µ≥3(n) =
µ2(n)∑
`=1

(η` − 1)−µ≥3(n).

Since the random variables η` − 1 take values 3 and −1 with probability 1/2 each and since

µ2(n) converges in distribution to Poi(c2/2) by (50), it follows that the right-hand side of (51)

converges in distribution to 3P ′ − P ′′, where P ′ , P ′′ are independent and both have a Poisson

distribution with parameter c2/4.

Proof of (c): For the simple random walk, the diagonal sum is deterministic: T (d)
n = n. If n/

√
d→

∞, then the off-diagonal sumQ
(d)
n satisfies a CLT by Proposition 5.6, and the claim follows. �

6. Appendix

In the present section we collect some facts that have been used in our proofs.
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6.1. A law of large numbers. In Section 4 we used the following version of the weak law of

large numbers for triangular arrays.

Lemma 6.1. Assume that (θd,i)i∈N, for every d ∈N, is a sequence of independent copies of a random

variable θd . Suppose that Eθd = 1 for all d ∈ N, and the family (θd)d∈N is uniformly integrable.

Then, for every integer sequence n = n(d) such that n(d)→∞, as d→∞,

1
n

n∑
i=1

θd,i
P−→

d→∞
1.

Proof. The proof is standard and goes along the same lines as the proof of Theorem on p. 105

in [9]. Put θd,i(n) := θd,i 1{|θd,i |≤n} and note that

P

 n∑
i=1

θd,i ,
n∑
i=1

θd,i(n)

 ≤ nP{|θd | ≥ n} ≤ E

(
|θd |1{|θd |≥n}

)
≤ sup
d∈N

E

(
|θd |1{|θd |≥n}

)
.

The left-hand side converges to zero, as n→∞, by the definition of the uniform integrability

of the family (θd)d∈N. By the same reasoning,

lim
d→∞

1
n

n∑
i=1

Eθd,i(n) = 1.

Thus, by Chebyshev’s inequality, it remains to show that

Var

1
n

n∑
i=1

θd,i(n)

 → 0, d→∞.

Clearly, it suffices to check

(52) lim
d→∞

Eθ2
d(n)
n

= 0.

Observe that by Fubini’s theorem

Eθ2
d(n) = 2

∫
[0,n]

(∫ y

0
sds

)
P{|θd | ∈ dy} = 2

∫ n

0
s

(∫
[s,n]

P{|θd | ∈ dy}
)

ds

≤ 2
∫ n

0
sP{|θd | ≥ s}ds ≤ 2

∫ n

0
E

(
|θd |1{|θd |≥s}

)
ds ≤ 2

∫ n

0
sup
d∈N

E

(
|θd |1{|θd |≥s}

)
ds.

Thus, (52) follows by an appeal to L’Hôpital’s rule. �
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6.2. Martingale central limit theorem. In Section 5 we used a central limit theorem for mar-

tingale triangular arrays which can be found in [8, Theorem 2] and, in a slightly less gen-

eral setting, in [2, Theorem 2]. To state it, we need some notation. For every d ∈ N, let

G(d)
0 ⊂ G(d)

1 ⊂ · · · ⊂ G(d)
n be a filtration on a probability space (Ω,G,P), where n = n(d) is a se-

quence of positive integers such that n(d)→∞, as d →∞. The random variables Υ
(d)

1 , . . . ,Υ
(d)
n

are said to form an array of martingale differences if Υ (d)
i is G(d)

i -measurable and E[Υ (d)
i |G

(d)
i−1] = 0

for all i = 1, . . . ,n. The following result [8, Theorem 2] provides sufficient conditions under

which the CLT holds for the random variables Υ (d)
1 + · · ·+Υ

(d)
n .

Theorem 6.2. In the setting just described, assume that the following conditions hold:

(a) The variables Υ (d)
1 , . . . ,Υ

(d)
n have finite second moments and

(53)
n∑
i=1

E

[(
Υ

(d)
i

)2 ∣∣∣∣G(d)
i−1

]
P−→

d→∞
σ2 ∈ (0,∞).

(b) For every ε > 0,

(54)
n∑
i=1

E

[(
Υ

(d)
i

)2
1
{
|Υ (d)
i |≥ε

} ∣∣∣∣G(d)
i−1

]
P−→

d→∞
0.

Then, Υ (d)
1 + · · ·+Υ

(d)
n converges weakly to the normal distribution N(0,σ2), as d→∞.

The Lindeberg-type condition stated in (54) follows from the following Lyapunov-type con-

dition: for some δ > 0,

(55)
n∑
i=1

E

[(
Υ

(d)
i

)2+δ ∣∣∣∣G(d)
i−1

]
P−→

d→∞
0.

To prove this implication, observe that (Υ (d)
i )2

1{|Υ (d)
i |≥ε}

≤ ε−δ(Υ (d)
i )2+δ. Note also that, by the

Markov inequality, condition (55) follows from

(56) lim
d→∞

n∑
i=1

E

[(
Υ

(d)
i

)2+δ
]

= 0.

6.3. Rosenthal inequality. In Section 5 we frequently used the following Rosenthal inequal-

ity; see Theorem 9.1 on p. 152 in [10].

Theorem 6.3. For every δ > 0 there is a universal constant B = B(δ) such that the following holds:

If Z1, . . . ,Zd are independent random variables with E[Zj ] = 0 and E[|Zj |2+δ] <∞ for all j = 1, . . . ,d,

then

E

∣∣∣∣∣∣∣∣
d∑
j=1

Zj

∣∣∣∣∣∣∣∣
2+δ

≤ Bmax


d∑
j=1

E|Zj |2+δ,

 d∑
j=1

E[Z2
j ]


(2+δ)/2 .
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If the random variables Z1, . . . ,Zd are identically distributed, then the Rosenthal inequality

yields

(57) E

∣∣∣∣∣∣∣∣
d∑
j=1

Zj

∣∣∣∣∣∣∣∣
2+δ

≤ Bmax
{
d ·E|Z1|2+δ,

(
dE[Z2

1 ]
)(2+δ)/2

}
≤ Cd1+ δ

2 ,

for all d ∈N, with a constant C depending only on the distribution of Z1 and δ. Alternatively,

this inequality follows from Corollary 8.2 on page 151 in [10].
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